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Abstract 
 
Prior to 1990, the only well known ideal-hereditary Kurosh-Amitsur radicals in the 
variety of zero-symmetric near-rings were the Jacobson type radicals    , where 
 2,3   and the Brown-McCoy radical. In 1990, Booth, Groenewald and Veldsman 
introduced the concept of an equiprime near-ring which leads to an ideal-hereditary 
Kurosh-Amitsur radical in 0 . The concept of an equiprime near-ring generalizes the 
concept of a prime ring to near-rings. Although the search for more ideal-hereditary 
radicals of near-rings was apparently the original motivation for the introduction of 
equiprime near-rings, it became clear that these near-rings are interesting in their own 
right. It is our aim in this treatise to give an exposition of the many interesting 
properties of equiprime near-rings. 
 
We begin with a brief reminder of near-ring rudiments; giving basic definitions and 
elementary results which are necessary for understanding and development of 
subsequent chapters. With the basics out of the way, our main task begins with a 
consideration of equiprime, strongly and completely equiprime left ideals. It is noted 
that any zero-symmetric near-ring can be embedded in an equiprime near-ring. 
Moreover, the class of equiprime near-rings is shown to be hereditary. Open questions 
arising out of the study of equiprime near-rings are highlighted along the way. 
 
In Chapter 3 we consider well known examples of near-rings and determine when 
such near-rings are equiprime. This provides more insight into the nature of equiprime 
near-rings and is a fertile ground for the birth of examples and counterexamples 
which may be used to close or solve some open question within the literature. We also 
prove some results which generalize some results of Booth and Hall [10] and 
Veldsman [29]. These results have not been previously presented elsewhere to the 
best of our knowledge. 
 vii 
In Chapter 4, the equiprime near-rings are shown to yield an ideal-hereditary radical 
in 0 . It is shown that a special radical theory can be built on the equiprime near-
rings in much the same way prime rings are used in ring theory to define special 
radical classes of rings. 
 
 
 
 1
Chapter 1 
Introduction 
 
In this chapter we present some of the basic definitions, results and concepts of the 
study of near-rings, as well as fix our notation. 
 
1.1 Near-rings and their basic properties 
 
Definition 1.1.1 [27] A near-ring is a triple  , ,    of a nonempty set N together 
with two binary operations + and   (called addition and multiplication respectively) 
defined on N such that the following hold: 
(a)  ,   is a group. 
(b)  ,   is a semigroup. 
(c)  1 2 3 1 3 2 3n n n n n n n       for all 1 2 3, ,n n n  . 
 
We shall denote the class of all near-rings by  . 
 
We remark that within the literature, some authors deal with right near-rings while 
others deal with left near-rings, depending respectively on whether they require a 
near-ring to satisfy the right distributive law (as we do: Definition 1.1.1 (c)) or the left 
distributive law. Since the theory runs completely parallel whether one adopts the 
definition of a near-ring as either a right near-ring or a left near-ring, we do refer to 
results where left near-rings are used, even though all near-rings in this treatise are 
right near-rings. Therefore, we caution the reader to ensure which definition of a near-
ring is adopted in any of our references so that the result/concept can be modified 
accordingly before it can be applicable to our discussion. 
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It is immediate from Definition 1.1.1 that every ring is a near-ring. If G is a group 
with at least two elements then we have an example of a near-ring which is not a ring 
in the following: 
 
Example 1.1.2 [27] Let    G,+  be a group of order 2G  and let   G  be the set 
of all mappings of G into itself. That is,    G   : G  Gf f   . Define for all 
 , G  f g  and all Gx : pointwise addition, : G  Gf g   by 
      f g x f x g x    and multiplication (as the usual composition of maps), 
: G  Gf g   by      f g x f g x . Then   G  , ,    is a near-ring. For any 
Gx , let : G  Gxf   be defined by  xf g x  for all Gg . Then for 0 Gx  , 
         0 0 00 0x x xf f g f f g f x f g      for all Gg , that is 0 0x xf f f f  . 
Since 0f  is the zero element of the near-ring  G , this shows that  G  is not a 
ring for G  0 . 
 
In Example 1.1.2 above, we illustrated that in a near-ring N, 0 0n   need not hold 
true for all n . Moreover, we showed that for some elements n of N, 0n n . We 
therefore have the following definitions: 
 
Definition 1.1.3 [23] Let .  
(a) An element n of N which satisfies 0 0n   is called a zero-symmetric element. 
(b) The subset  0 0 0n n     of all zero-symmetric elements of N is called 
the zero-symmetric part of  N. 
(c) If 0    then N is called a zero-symmetric near-ring. The class of all zero-
symmetric near-rings shall be denoted by 0 . 
(d) If n  satisfies 0n n  (equivalently nx n  for all x ) then n is called a 
constant element. 
(e) The subset  0c n n n     of all constant elements of N is called the 
constant part of  N. 
(f) If c    then N is called a constant near-ring. 
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Definition 1.1.4 [27] Let  , ,    be a near-ring and     . 
(a) Then A is a subnear-ring of N if  , ,    is a near-ring. 
(b) If A satisfies  ,na n a       then A is left invariant in N. 
(c) If A satisfies  ,an a n       then A is right invariant in N. 
(d) If A is both left and right invariant in N then A is said to be invariant in N. 
(e) If  ,   is a normal subgroup of  ,   such that  n m a nm    for all 
,n m  and all a  then A is called a left ideal of N (denoted l  ). 
(f) If  ,   is a normal subgroup of  ,   such that     then A is called a 
right ideal of N (denoted r  ). 
(g) If A is both a left ideal of N and a right ideal of N then A is an ideal of N 
(denoted   ). 
 
It is clear from Definition 1.1.4 that for any near-ring N, both 0 and N are ideals of N. 
 
Definition 1.1.5 [27] Let  . Then  
(a) N is simple if the only ideals of N are 0 and N. 
(b) N is N-simple if the only left invariant subgroups of N are c  and N. 
 
We know from group theory that a normal subgroup H of a group G partitions G into 
equivalence classes which are called cosets of H in G. It is well known that the set of 
all cosets of H in G forms a group under the induced group operation. Similarly we 
have: 
 
Proposition 1.1.6 [23] Let I be an ideal of  , ,    . Then  n n       is 
a near-ring under the operations: For all ,x y ; 
     x y x y          and     x y x y        . 
 
Example 1.1.7 [23] Let  G,  be a group. Then       0 G   G 0 0f f     is 
a zero-symmetric subnear-ring of  G  and  0 G  =  0G . Furthermore, 
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    G   G  is a constant functionc f f    is a constant subnear-ring of  G  
and    G   Gc c  . 
 
More generally, we have: 
 
Theorem 1.1.8 [23] Let .  Then 0  is a normal subgroup of N and both 0  
and c  are subnear-rings of N. Moreover, 0 c     and  0 0c   . 
 
Group homomorphisms are fundamental in the study of groups; and since the 
underlying structure of a near-ring is a group together with a semigroup, the structure 
preserving mappings between near-rings play no lesser role in the study of near-rings. 
We thus give a formal definition of such mappings. 
 
Definition 1.1.9 [27] Let  , ,     and  , ,    . Then a map :   
is called a near-ring homomorphism if for all 1 2,m m   the following hold: 
(a)      1 2 1 2m m m m     . 
(b)      1 2 1 2m m m m     . 
If :    is a surjective and injective near-ring homomorphism then   is called 
an isomorphism. Moreover, M and N are then said to be isomorphic (denoted 
   ). 
 
Definition 1.1.10 [27] Let :    be a near-ring homomorphism. Then the set 
  0Ker m m     is called the kernel of  . 
 
Proposition 1.1.11 [27] Let :   be a near-ring homomorphism. Then Ker   
is an ideal of M. 
 
Results concerning homomorphisms are straightforward and correspond to analogous 
results in ring theory. We state a few of them for the sake of completeness. 
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Theorem 1.1.12 [23] Let :   be a near-ring homomorphism with Ker   . 
Then      . 
 
Proposition 1.1.13 [23] Let I and J be ideals of .  Then         J J J . 
Furthermore, if   J  then        J J . 
 
In ring theory an ideal I of a ring R is a prime ideal if for all ideals A, B of R, AB I  
implies A I or B I  . Furthermore, from [22] we have the following equivalent 
characterizations of a prime ideal I in a ring R: 
(i) I is a prime ideal of R. 
(ii) If , Ra b  are such that R Ia b   then a  or b . 
(iii) If U and V are left ideals in R such that UV I then U I or V I   . 
 
However, the characterizations above are not equivalent for near-rings. We thus have 
the following in the case of near-rings. 
 
Definition 1.1.14 [13] Let N be a near-ring and   . Then 
(a) I is a 0-prime ideal if for all ideals A, B of N; I   implies I or I  . 
(b) I is a 1-prime ideal if for all left ideals A, B of N; I  implies I  or 
I .  
(c) I is a 2-prime ideal if for all left invariant subgroups A, B of N; I   
implies I  or I . 
(d) I is a 3-prime ideal if for all ,a b ; a b    implies  or a b  . 
For  0,1, 2,3  , N is called a  -prime near-ring if 0 is a  -prime ideal of N. 
 
We have the following relationship between these different notions of prime: 
 
Proposition 1.1.15 [13] For N : 3-prime   2-prime; also 1-prime   0-prime. 
For 0 : 3-prime   2-prime   1-prime   0-prime. 
 
We close this section by defining the chain conditions for near-rings. 
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Definition 1.1.16 [27] Let  . Then N has the descending chain condition for 
ideals (left invariant subgroups) if for every descending chain of ideals (respectively 
left invariant subgroups) 1 2 3       of N, there exists a positive integer k   
such that k n    for all n k , n . When this happens, N is said to have the DCCI 
(respectively DCCN). 
 
Definition 1.1.17 [27] Let 0     . Then I is called a minimal ideal (minimal 
left invariant subgroup) of N if J  (respectively J a left invariant subgroup of N) 
and  J  implies 0J  or  J . 
 
The next result follows immediately from Definitions 1.1.16 and 1.1.17. 
 
Proposition 1.1.18 [27] Let N be a near-ring with the DCCI (DCCN). Then N has a 
minimal ideal (respectively minimal left invariant subgroup). 
 
1.2 N-groups 
 
A certain subclass of the class of all prime rings is of great importance in the study of 
the structure of rings, namely the primitive rings. It is shown in Gardner and 
Wiegandt [12] that a ring R is (left) primitive if and only if there exists a faithful 
simple (left) R-module. This leads us to consider a near-ring analogue of a module 
over a ring, namely an N-group, where  . An attempt at generalizing primitive 
rings to near-rings leads to a scenario similar to the one encountered with generalizing 
the prime rings to near-rings. First we define: 
 
Definition 1.2.1 [27] Let N be a near-ring,  G, +  a group and :f  G G  a 
mapping (with notation:   ,f n g ng ). Then  , fG  is an N-group if for all gG  
and all 1 2,n n  , the following hold: 
(a)  1 2 1 2n n g n g n g   . 
(b)    1 2 1 2n n g n n g . 
(c) If N has a unity 1, then 1g g . 
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If the meaning of f is understood we usually suppress mention of f and simply denote 
the N-group  , fG  by G . We further simplify our notation and refer to an N-group 
G when no confusion can arise. If N has a unity, then the N-group G is also called a 
unital N-group. 
 
We now define the “noetherian quotients” which we will use quite frequently in 
subsequent chapters. 
 
Definition 1.2.2 [23] Let N be a near-ring and G an N-group. Let also   G  
and   G . Then we define    : n n      . If A consists of a 
single element x, then we simply denote  :    by  :x  . In particular if 0x   
then  0 :   is called the left annihilator of B in N. 
 
Definition 1.2.3 [27] An N-group G is faithful if  0 : 0 G  (equivalently, if n  
with 0ng g  G  implies 0n  ). 
 
Definition 1.2.4 [27] Let G be an N-group and H a subgroup of G. Then H is called 
an N-subgroup of G if    . G is said to be N-simple if the only N-subgroups of 
G are 0c G  and G. 
 
Definition 1.2.5 [23] Let  G, +  be a group and  G . Let G be an N-group for 
some near-ring N. Then H is an N-ideal of G if the following hold: 
(a)  ,   is a normal subgroup of  G, + . 
(b)   , ,  and n g h ng n g h      G . 
G is called a simple N-group if it has no N-ideals except 0 and G. 
 
Remark 1.2.6 Let  , ,    be a near-ring. Then the map  1 2 1 2,n n n n  for all 
1 2,n n  , where the product 1 2n n  is just the product in N, makes N into an N-group. 
Clearly then, an N-subgroup of   is a left invariant subgroup of the near-ring N. 
Furthermore, an N-ideal of   is a left ideal of the near-ring N. 
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We note that Remark 1.2.6 explains the use of DCCN in Definition 1.1.16. Also, in 
view of Definition 1.2.4 and Remark 1.2.6, Definition 1.1.5 of an N-simple near-ring 
carries the same meaning whether we refer to N as an N-group or as just a near-ring. 
Furthermore, the “noetherian quotient”  :   , defined in Definition 1.2.2 can 
therefore be used where A and B are subsets of N. 
 
Lemma 1.2.7 [23] Let A and B be subgroups of G. Then  :     
(a) Is a right invariant subgroup of N if B is an N-subgroup of G. 
(b) Is an invariant subgroup of N if both A and B are N-subgroups of G. 
(c) Is an ideal of N if A is an N-ideal of G and B is an N-subgroup of G. 
 
Proof: 
(a) For any nonempty subsets A and B of G, it is straightforward to see that 
 :    is a subgroup of N if A is a subgroup of G (cf. [23]). We show that it 
is right invariant when   . Let  :x    . Then 
   xn x n x n        . 
Hence    : :       . 
(b) Suppose A and B are N-subgroups of G. Let  :x    . Then, by definition 
of  :    and the fact that   , we get    x x         . 
Thus  :    is left invariant and this together with (a) gives the required 
result. 
(c) Let A be an N-ideal and B an N-subgroup of G. Then by (a),  :    is a 
right invariant subgroup of N. Let  :x     and m . Then for all b  
we have xb  and  m x m b mb xb mb      , since A is normal in G. 
Hence  :m x m       and  :    is a normal subgroup of N. Let 
1 2,n n   and  :x    . Then for all b  we have xb  and so 
        1 2 1 2 1 2 1 2 1 2 1 2n n x n n b n n x b n n b n n b xb n n b          since A 
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is an N-ideal of G. By definition of  :   ,    1 2 1 2 :n n x n n      . 
Hence  :    is an ideal of N.  
 
In the next result, which we will need later, we treat the special case of a noetherian 
quotient, in which  G . 
 
Lemma 1.2.8 [3] Let l  . Then  :      is an ideal of N which contains every 
right invariant subset S of N such that  S  (in particular P contains all ideals of N 
contained in I). Moreover, P is an invariant ideal of N if I is left invariant in N. 
 
Proof: Since N is a left invariant subgroup of N, by taking  G  we apply Lemma 
1.2.7 (c) to obtain P is an ideal of N. Let S be a right invariant subset of N and  S . 
Then    S S  implies  :   S . Suppose I is left invariant. Then P is left 
invariant by Lemma 1.2.7 (b). The part in brackets follows from the fact that all ideals 
of N are right invariant in N by Definition 1.1.4.  
 
Definition 1.2.9 [23] Let G be an N-group. Then G is called a monogenic N-group if 
there exists gG  such that  g ng n   G . 
 
Definition 1.2.10 [23 and 18] A monogenic N-group G ( 0G ) is of  
(a) type 0 if G has no N-ideals except 0 and G. 
(b) type 1 if G is of type 0 and for all gG  either 0cg   G  or g G . 
(c) type 2 if G has no N-subgroups except 0c G  and G. 
(d) type 3 if G is of type 2 and for 1 2 1 2 1 2,  implies g g ng ng n g g    G, . 
 
Definition 1.2.11 Let N be a near-ring. For  0,1,2,3  , N is  -primitive if there 
exists a group G such that G is a faithful N-group of type  . 
 
It is easy to see that if N is a zero-symmetric near-ring with unity then type 1, type 2 
and type 3 N-groups coincide. Next, we turn our attention to radical theory of near-
rings. 
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1.3 Basics of radical theory of near-rings 
 
Definition 1.3.1 [23] A map   which assigns to each near-ring N an ideal    of 
N is a Hoehnke radical map if for every ,   and every near-ring 
homomorphism :   , the following holds: 
(a)    0    . 
(b)           . 
   is called the radical of  N. 
 
Theorem 1.3.2 [15] Let   be a class of near-rings and let   be the map which 
assigns to each   the ideal            . Then   is a Hoehnke 
radical map. 
 
The map   as in Theorem 1.3.2 is referred to as the corresponding Hoehnke radical 
map to the class  . In view of Theorem 1.3.2, we therefore have an ample supply of 
Hoehnke radical maps; For instance: 
 
Example 1.3.3 The following are Hoehnke radical maps (where  0, 1, 2, 3); 
(a)   defined by     is a -prime near-ring        . 
(b)   defined by     is a -primitive near-ring        . 
(c) Nil radical,     is 0-prime and has no nonzero nil ideals      Y . 
 
To see that the radical given in Example 1.3.3 (c) indeed coincides with the (upper) 
nil radical, [14] can be consulted. 
 
Definition 1.3.4 [14] Let   be a Hoehnke radical map. Then   is called: 
(a) idempotent if           for all  . 
(b) complete if      for all     such that     . 
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Definition 1.3.5 [14] Let   be a Hoehnke radical map. Then   is called a Kurosh-
Amitsur radical map if   is complete and idempotent. 
 
In the next definition as well as in several other results to follow, our reference is the 
book by Gardner and Wiegandt [12]. We point out that although the results/concepts 
we refer to are stated in [12] for rings, they do remain valid for near-rings. This is 
evident from the fact that their proofs do not use the distributive property or the 
commutativity of addition. Furthermore, the authors of [12] made a remark to the 
same effect [12, page 21]. We define radical classes in the sense of Kurosh and 
Amitsur as follows: 
 
Definition 1.3.6 [12] Let   be a universal class of near-rings. A subclass   of   is a 
radical class in   if it satisfies the following: 
(a) Every homomorphic image of a near-ring   belongs to  . 
(b) For every near-ring  ; the sum,            is in  .  
(c) For every near-ring  ,    0    . 
The ideal     is called the  -radical of N (or simply the radical of N when   is 
understood). A near-ring N is  -semisimple if and only if   0   ,  -radical if and 
only if      . The class of all  -semisimple near-rings,   0      is 
called the semisimple class of  . The radical class   is said to be a corresponding 
radical to  . 
 
It is easy to see from the definitions above that if   is a radical class of near-rings 
then   determines a Hoehnke radical map   such that the radical of a near-ring N 
      . We will call   the Hoehnke radical map associated with the radical 
class  . Furthermore, we clearly have        by Definition 1.3.6 (b). Hence 
         , since         . We thus have the following 
proposition whose proof is straightforward and shall be omitted: 
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Proposition 1.3.7 [25] The class            is a radical class with 
         if and only if   is a complete and idempotent Hoehnke radical map. 
 
In view of Proposition 1.3.7, we will not distinguish between a radical class and its 
associated Hoehnke radical map which is complete and idempotent. 
 
Remark 1.3.8 We point out that there exist Hoehnke radical maps which are not 
idempotent or complete. For example it has been shown in [20] that the 0-prime 
radical map, 0  is not complete in 0 . Hence, while there are many examples of 
Hoehnke radical maps of near-rings, Kurosh-Amitsur radical maps of near-rings are 
not so easy to find. 
 
Definition 1.3.9 [12] A class   of near-rings is called a regular class if 0     
and   implies that I has a nonzero homomorphic image in  . 
 
Proposition 1.3.10 [12] Let   be a regular class of near-rings. Then the class, 
  has no nonzero homomorphic image in      is a radical class, called the 
upper radical determined by  . 
 
Definition 1.3.11 The subdirect closure   of a class   of near-rings is the class  
i i
subdirect
 
    
 
  . 
 
Definition 1.3.12 A class   is said to be hereditary (c-hereditary) if   and 
   (respectively I a left invariant ideal of N) implies that  .  
 
Obviously any hereditary class is c-hereditary. We note that any hereditary class is 
regular. Therefore, since any class of simple near-rings is hereditary, the following is 
a radical class by Proposition 1.3.10: 
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Example 1.3.13 [12] The class    defined by, 
  has no nonzero homomorphic image in      
where  N is a simple near-ring with identity  , is a radical class called the 
Brown-McCoy radical class. 
 
Definition 1.3.14 A radical class   which is hereditary and has a hereditary 
semisimple class is called an ideal-hereditary radical. Equivalently from [12], a 
radical class   is ideal-hereditary if and only if for any near-ring N,           
for all   . 
 
Definition 1.3.15 Let N be a near-ring and   . Then E is called an essential ideal 
of N, denoted    , if 0   for all nonzero ideals I of N. A class   of near-
rings is said to be closed under essential extensions (closed under essential left 
invariant extensions) if   and     (respectively, E an essential ideal of N 
which is left invariant in N) implies that  . The class   is said to satisfy 
condition  1F  if      with I left invariant in N and    implies that 
  . 
 
Theorem 1.3.16 [28] Let   be a class of zero-symmetric near-rings which is 
regular, closed under essential left invariant extensions and satisfies condition  1F . 
Then   is a hereditary semisimple class in the variety of all near-rings, in fact 
   Furthermore, the corresponding radical class     is c-hereditary and 
            . 
 
The following characterization of a radical class from Gardner and Wiegandt [12] 
will be used in Chapter 4. 
 
 14
Proposition 1.3.17 [12] Let   be a universal class of near-rings and   . Then 
  is a radical class in   if and only if the following conditions hold: 
(a) If   and M is a nonzero homomorphic image of N, then there exists 
0     such that  . 
(b) If   and for every nonzero homomorphic image M of N there exists 
0     such that   , then  . 
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Chapter 2 
Equiprime near-rings 
 
The generalizations of a prime ring given in Definition 1.1.14 give rise to different 
Hoehnke radicals   (as defined in Example 1.3.3 for 0,1, 2,3  ), all of which are 
not Kurosh-Amitsur radical maps in  . In [8] Booth, Groenewald and Veldsman 
introduced another generalization, namely equiprime, which leads to a Kurosh-
Amitsur radical map in  . In this chapter we introduce equiprime ideals/near-
rings/N-groups and show some of their properties. 
 
2.1 Equiprime, strongly and completely equiprime left ideals 
 
We start by considering one-sided ideals, left ideals to be specific. 
 
Definition 2.1.1 [3] Let N be a near-ring. A left ideal I of N is called an equiprime 
left ideal if \a   and ,x y  with anx any n     implies x y  . 
 
Lemma 2.1.2 [3] Let l  . Then I is left invariant in N if and only if 0n   for all 
n . 
 
Proof : If I is left invariant then by Definition 1.1.4 na  for all n  and all 
a . In particular, since 0 , 0n   for all n . Conversely, suppose 0n   for 
all n . Let n  and a . Then  0 0 0na n n a n     , since I is a left 
ideal. Hence  0 0na na n n    , since 0n  .  
 
Proposition 2.1.3 [3] Let I be an equiprime left ideal of a near-ring N. Then  
(a) I is left invariant in N. 
(b) If ,  and a b a b    , then  or a b  . 
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Proof: 
(a) By Lemma 2.1.2, it suffices to show that 0n   for all n . We have for all 
m ,          0 0 0 0 0 0 0 0 0 0 0n m n n m n mn n m n n       . Since I 
is an equiprime left ideal of N, 0 0 0n n    for all n . Hence I is left 
invariant in N. 
(b) Suppose that , \a b  . Then 0b b   . Since I is an equiprime left ideal 
of N, there exists n  such that 0anb an  . By part (a) above, I is left 
invariant, whence  0 0an an  . Hence anb , as required.  
 
Remark 2.1.4 [3] If R is a ring, then from Proposition 2.1.3 (b) an equiprime left 
ideal I of R is a prime left ideal. Conversely, let I be a prime left ideal of R. Then for 
any \a R  and ,x yR  such that arx ary   for all rR , we have: for all 
rR ,  ar x y  . That is,  a x y  R . Therefore, x y  . This shows that I 
is an equiprime left ideal of N. Thus for rings the concepts of equiprime left ideal and 
prime left ideal coincide. 
 
We now present alternative definitions of an equiprime left ideal in the next result. 
This result generalizes [15, Theorem 4.1] where a similar result is given to 
characterize equiprime near-rings. We also add condition (b) to the two conditions (a) 
and (c) given in [3, Proposition 2.5]. 
 
Proposition 2.1.5 [3 and 15] Let I be a left ideal of a near-ring N. Then the following 
are equivalent: 
(a) I is an equiprime left ideal of N. 
(b) If ,x y  and A is a right invariant subgroup of N such that   , then 
ax ay a     implies x y  . 
(c) If ,x y  and A is an invariant subgroup of N such that   , then 
ax ay a     implies x y  . 
 
Proof: (a) implies (b): Let A be a right invariant subgroup of N such that    and 
,x y  with ax ay a    . Let \b  . Since A is right invariant, b    
and we have bnx bny n    . From (a) it follows that x y  . 
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(b) implies (c): This is clear since every invariant subgroup is right invariant. 
(c) implies (a): If     then we are done. So, suppose    . Let , ,a x y  such 
that \a   and ,x y  with anx any n    . We will show that x y  . 
First we show that I is left invariant. If c   , then c  is a nonzero invariant 
subgroup of N and 0 0ba b b b      for all cb . This implies 0a a    by 
(c), which contradicts \a  . Hence c    and     follows. Moreover, since 
a , we have a   . To see this: Assume a   . Then, the ideal of N generated 
by a, a    satisfies a     since a a   but a . Furthermore, a    implies 
 :a    , which in turn implies  :a      , since  :     by Lemma 
1.2.8, whence  :     . By Lemma 1.2.8,  :    is invariant in N since I is a left 
invariant left ideal of N. By definition of  :    and the fact that I is a subgroup, we 
have 0ba b   for all  :b    , which by (c) leads to the contradiction 
0a a   . Thus we have a   . We now define j  ( j ) by induction as 
follows: Let 0 a    and for 1j   let j  be defined by: 
1 11, ,j i i i i j j
i
t t nt n t   
            
  
 . 
(Note that it  means it  or its additive inverse). Then  j j      is an 
invariant subgroup of N. Moreover, a   , so   . We show by induction on j 
that if jt  then tx ty  . For 0j  , we have for all 0t a   , t am  for  
some m , whence tx ty amx amy    . Let 0j   and assume that, jt  
implies that tx ty  . Now 1jt   implies  1 2 ... kt t t t       where i jt   for 
all  1,2,...,i k  or t nt  for some jt . Then considering    as an N-group, 
we have js sx sy        and: 
 
     
     
 
1 2
1 2
1 2
1 2
...
...
...
...
.
k
k
k
k
tx t t t x
t x t x t x
t y t y t y
t t t y
ty
  
  
  
  
       
         
         
     
  
 by induction hypothesis. 
 18
Or,    tx nt x n t x          which by induction hypothesis is equal to  n t y   . 
That is,    tx n t y nt y ty            . Therefore, tx ty   for all t . 
Hence x y  , by (c).   
 
Proposition 2.1.6 [3] Let I be an equiprime left ideal of N and let  :     . Then  
(a)     and P is the largest two-sided ideal of N which is contained in I. 
(b) P is an equiprime left ideal of N. 
 
Proof: 
(a) By Lemma 1.2.8, P is the largest ideal of N which contains all ideals, A of N 
such that   . Let x . Then x   . Thus  x x x x x       . 
Since I is equiprime, x  by Proposition 2.1.3 (b). Hence    .  
(b) Let , ,a x y  with , \a x y   . By definition of P, there exist ,n n  
such that an  and  xn yn x y n      . Since I is an equiprime left 
ideal, there exists m  such that        an m xn an m yn    and hence 
since    ,          anmx anmy n an m xn an m yn      . Since P is an 
ideal of N, this implies    a nm x a nm y anmx anmy    , whence P is an 
equiprime left ideal of N.  
 
We now introduce related concepts which we will use in the next section as well as in 
Chapter 4. 
 
Definition 2.1.7 [3] Let   and l  . Then I is called a strongly equiprime left 
ideal of N if for each \a  , there exists a finite subset F of N such that ,x y  
and afx afy f   F  implies x y  .  
 
Remark 2.1.8 The following statement is an immediate consequence of Definitions 
2.1.1 and 2.1.7: If I is a strongly equiprime left ideal of N then I is an equiprime left 
ideal of N. 
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Proposition 2.1.9 [3] Let I be a strongly equiprime left ideal of N. Then  :      
is a strongly equiprime left ideal of N and P is the largest ideal of N which is 
contained in I. 
 
Proof: From Remark 2.1.8 and Proposition 2.1.6, P is the unique largest ideal of N 
which is contained in I. We only need to show that it is a strongly equiprime left ideal. 
Let \a  . By definition of P, there exists n  such that an . Since I is a 
strongly equiprime left ideal, there exists a finite subset F of N such that for any 
,x y ;    an fx an fy f   F  implies x y  . Let  nf f G F . G is 
clearly a finite subset of N. Furthermore, if ,x y  such that, x y   then by 
definition of P there exists m  such that  xm ym x y m    . Thus, for some 
f F ;         an f xm an f ym  . That is,     a nf x a nf y m  . Since 
    and P is an ideal, it follows that    a nf x a nf y  . This shows that P is a 
strongly equiprime left ideal of N, since nf G .  
 
In [3], Booth and Groenewald defined a completely equiprime left ideal as follows: 
Let I be a left ideal of N. Then I is called a completely equiprime left ideal of N if 
, ,a x y  with ax ay   implies  or x y a    , where   is the largest ideal of 
N contained in I. After a quick observation, we define completely equiprime left 
ideals using slightly different but equivalent terms. 
 
Lemma 2.1.10 [3] Let I be a left ideal of N. Then  :      is the unique largest 
ideal of N contained in I. 
 
Proof: By Lemma 1.2.8,  :    is an ideal of N. Hence  :      is a left ideal of 
N which is clearly contained in I. We show that  :      is right invariant in N. 
Let  :x     and n . Then xn  by definition of  :    and also 
 :xn    , since  :    is an ideal of N. Thus  :xn     and  :      is 
an ideal of N. By Lemma 1.2.8, every ideal A of N which is contained in I is 
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contained in  :    and so,  :      . Hence  :      is the unique largest 
ideal of N contained in I.  
 
Definition 2.1.11 [3] Let   and l  . Then I is called a completely equiprime 
left ideal of N if , ,a x y ,  :a     and ax ay   implies x y  . 
 
Proposition 2.1.12 Let I be a completely equiprime left ideal of  . Then I is a 
strongly equiprime left ideal of N. 
 
Proof: Let \a   and let  aF . Then F is finite,  :a     and for any 
,x y , afx afy   for all f F  implies fx fy   for all f F  since I is a 
completely equiprime left ideal. That is ax ay  , which again by the fact that I is a 
completely equiprime left ideal implies that x y  . Hence I is a strongly equiprime 
left ideal of N.  
 
The next result follows from Remark 2.1.8 and Proposition 2.1.12. 
 
Corollary 2.1.13 [3] Let I be a completely equiprime left ideal of  . Then I is 
an equiprime left ideal of N. 
 
Proposition 2.1.14 [3] Let I be a completely equiprime left ideal of  . Then 
 :      is a completely equiprime left ideal of N which is contained in I and 
  . 
 
Proof: That    and     follows from Proposition 2.1.6 and Corollary 2.1.13. 
Let , , ,a x y a   and ax ay  . Then  :a       and for all n , 
 axn ayn ax ay n     by definition of P. Since I is a completely equiprime left 
ideal in N,  x y n xn yn     for all n . Hence x y   and P is a 
completely equiprime left ideal of N.  
 
We now turn our attention to two sided ideals. 
 21
 
2.2 Equiprime ideals and near-rings 
 
Definition 2.2.1 [8] An ideal I of a near-ring N is called an equiprime ideal of N if I 
is an equiprime left ideal of N which is right invariant in N (that is, if ,  x y  and 
\a   with anx any n     implies x y  ). 
 
Definition 2.2.2 [8] N is an equiprime near-ring if 0 is an equiprime ideal of N. To 
state this explicitly: N is an equiprime near-ring if ,  x y  and 0 a   with 
anx any  for all n  implies x y . 
 
The next result follows from Lemma 2.1.2 and Proposition 2.1.3 (a), since every 
equiprime ideal is an equiprime left ideal. 
 
Corollary 2.2.3 [29] Let I be an equiprime ideal of N. Then, the constant part of N, 
c  is contained in I. 
 
Proposition 2.2.4 [8] Every equiprime near-ring is zero-symmetric. 
 
Proof: Let N be an equiprime near-ring. Then 0 is an equiprime ideal of N and by 
Corollary 2.2.3, 0c  . Thus, by Theorem 1.1.8, 0 0c       .  
 
Proposition 2.2.5 [29] Let I be an equiprime ideal of an arbitrary near-ring N. Then I 
is a 3-prime ideal of N. 
 
Proof: Let I be an equiprime ideal of N. Suppose a b   , where ,a b . Since I is 
an equiprime left ideal, a  or b  follows by Proposition 2.1.3 (b).  
 
We see that our reference to equiprime near-rings as a generalization of prime rings is 
justified in the following remark: 
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Remark 2.2.6 [29] From Propositions 1.1.15, 2.2.4 and 2.2.5 we have the following 
relations: For 0   : equiprime 3-prime 2-prime 1-prime 0-prime. 
For    : equiprime 3-prime 2-prime. Furthermore, if I is an equiprime 
ideal of an arbitrary near-ring N, then    is an equiprime near-ring. Hence    is 
zero-symmetric. Thus    is 1-prime. That is, I is a 1-prime ideal of N. Consequently 
we have for    , equiprime 1-prime 0-prime. Since every ring is a near-
ring, clearly then an equiprime ring is a prime ring. Conversely, if N is a prime ring 
then it follows from Remark 2.1.4 that N is equiprime. 
 
The following example illustrates that for zero-symmetric near-rings, the class of 
equiprime near-rings is strictly contained in the class of 3-prime near-rings. 
 
Example 2.2.7 [8] Let (N,+) be any group with at least 3 elements. Define 
multiplication on N by 
0
0 0
a if b
ab
if b

 

. 
Then  , ,    is a (Malone trivial) zero-symmetric near-ring (cf. [21]). Take any 
nonzero elements ,x y . Then 0xxy x  . Hence 0x y  . This shows that N is 
3-prime. Let  0 , such thatx y x y    . Then for each element n of N, 
0
0 0
x if n
xnx xny
if n

 

. 
Thus xnx xny n   , but x y . Hence N is not an equiprime near-ring. 
 
Proposition 2.2.8 [29] Let I be an equiprime ideal of a near-ring N and A an invariant 
subgroup of N. Then   is an equiprime ideal of A. 
 
Proof: Let  \a   and let ,x y  be such that abx aby b    . 
Assume that x y  . Then x y  , since ,x y . Since I is an equiprime 
ideal of N, n   such that anx any  . Using the fact that I is an equiprime ideal 
of N again we have    am anx am any   for some m . That is, for some 
m ,    a man x a man y  . But man  since A is invariant and we get a 
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contradiction to  abx aby b    . Hence   is an equiprime ideal of 
A.  
 
By Proposition 2.2.8, if N is an equiprime near-ring then any invariant subgroup of N 
is also an equiprime near-ring. We know that ideals in zero symmetric near-rings are 
invariant. From Proposition 2.2.4, equiprime near-rings are zero-symmetric. Thus we 
have: 
 
Corollary 2.2.9 [8] Let N be an equiprime near-ring and   . Then I is an 
equiprime near-ring. 
 
We now present alternative definitions of an equiprime near-ring. 
 
Proposition 2.2.10 [15] Let N be a near-ring. Then the following are equivalent: 
(a) N is an equiprime near-ring. 
(b) If ,x y  and A is any nonzero right invariant subgroup of N, then ax ay  
for all a  implies x y . 
(c) If ,x y  and A is any nonzero invariant subgroup of N, then ax ay  for all 
a  implies x y . 
 
Proof: The result follows directly from Proposition 2.1.5 on taking 0  .  
 
We note that the concept of equiprime is not too restrictive, since all zero-symmetric 
3-primitive near-rings are equiprime. Furthermore,  0 G  is an equiprime near-ring 
for any group G. We justify these statements below: 
 
Proposition 2.2.11 [8] Let 0  be a 3-primitive near-ring. Then N is an 
equiprime near-ring. 
 
Proof: We shall use Proposition 2.2.10 (c). Let G be a faithful N-group of type 3. Let 
A be any nonzero invariant subgroup of N. Then clearly  0 : 0   G  and so G is 
a faithful A-group of type 3 (by [18, Lemma 3 and the footnote on page 454]). 
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Suppose that ,x y  satisfy ax ay  for all a . Then Gaxg ayg g   . Since 
G is an A-group of type 3, this implies that Gxg yg g   . That is   0x y g   for 
all Gg . Since G is a faithful N-group, we obtain 0x y  . That is x y . Hence N 
is an equiprime near-ring.  
 
Proposition 2.2.12 [8] Let N be a zero-symmetric near-ring with a minimal left 
invariant subgroup K. Then N is equiprime if and only if N is 3-primitive. 
 
Proof: In view of Proposition 2.2.11 we only have to show that N is an equiprime 
near-ring implies that N is a 3-primitive near-ring. Considering the N-group N we 
observe that K is an N-group. If we can show that   is a faithful type 3 N-group we 
would be done. For n , if 0n   then   0n n    . Since 0   there 
exists 0 k   such that 0n k  , but N is equiprime and hence N is 3-prime (by 
Proposition 2.2.5). Thus 0n   and K is a faithful N-group. If H is any nonzero N-
subgroup of K, then it is an N-subgroup of N, whence     since K is minimal in 
N. So K is N-simple. For any 1 2,k k   if 1 2nk nk n    then for 0 a   we 
have 1 2ank ank  for all n . From which it follows that 1 2k k , since N is 
equiprime. Hence N is a 3-primitive near-ring.  
 
From Meldrum [23] we have that any zero-symmetric near-ring can be embedded in  
 0 G  for some group G. The next result shows that  0 G  is equiprime, whence 
any zero-symmetric near-ring can be embedded in an equiprime near-ring. 
 
Example 2.2.13 [29] For any group G,  0 G  is an equiprime near-ring.  
Let  0,  and     G . Then for some    ,  x x x  G . Clearly,  x  
and  x  cannot both be zero. Without loss of generality let   0x  . For any 
 00 f  G , y G , 0y   such that   0f y  . We define : G G  by 
     if 0 otherwisey g xg   . Then  0  G  and       0f x f y     while on the 
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other hand        0 0f x f x f     . Thus f f  . Hence  0 G  is 
an equiprime near-ring.  
 
We know that all simple rings with unity are prime. In the case of near-rings, we have 
for example, that for any group G,  0 G  is a simple near-ring with unity and it is 
equiprime as shown in Example 2.2.13 above. However, we do not know whether a 
simple zero-symmetric near-ring with unity is always equiprime. On the other hand, 
we have: 
 
Proposition 2.2.14 [29] Let N be a near-ring with unity which does not have any 
invariant subgroups other than 0 and N. Then N is equiprime. 
 
Proof. Let 0 a   and ,x y  be such that anx any  for all n . Then, the 
set  t tnx tny n       is a nonzero invariant subgroup of N. Since N is 
the only nonzero invariant subgroup of N,    . Thus, 1    and for all n , 
1 1nx nx ny ny   . Hence, x y .   
 
As an immediate consequence of Proposition 2.2.14 and Definition 1.1.5, we have: 
 
Corollary 2.2.15 Let 0  be an N-simple near-ring with unity. Then N is 
equiprime. 
 
With regard to the unity element, we know that in a prime ring R a one sided unity is 
necessarily the unity of R. In near-rings a left unity in a 0-prime near-ring is a unity 
element. More generally: 
 
Proposition 2.2.16 [29] Let N be a near-ring such that  0 : 0  . Then a left unity 
of N must be the unity of N. 
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Proof: Let 1 be a left unity element of N and n . Then for all x , 
     1 1 1 0n n x n x nx n x nx nx nx        . Since  0 : 0  , 1 0n n  . 
Hence 1n n  and 1 is the unity of N.  
 
However, Proposition 2.2.16 above need not be true if we replace left unity by right 
unity as shown by Example 2.2.7. In the near-ring of Example 2.2.7, we have a 3-
prime near-ring N in which every nonzero element b in N is a right unity which is not 
a left unity because  but ab a a ba b     for all 0a  . For equiprime near-rings, 
the situation parallels that of the (prime) ring case and we have the following: 
 
Proposition 2.2.17 [29] Let 1 be a one-sided unity in an equiprime near-ring N. Then 
1 is the unity of N. 
 
Proof: If 1 is a left unity, then the result follows by Proposition 2.2.16 since for any 
equiprime near-ring N,  0 : 0  . Suppose therefore, that 1 is a right unity, but not 
a left unity. Thus 1x x  for some 0 x  . Since N is equiprime, there exists 
n , such that  1xnx xn x . But since 1 is a right unity, we get the contradiction 
   1 1xn x x n x xnx  .  
 
We turn our attention to the Hoehnke radical map associated with the class of 
equiprime near-rings; namely the equiprime radical of N. In view of Theorem 1.3.2, 
we make the following definition: 
 
Definition 2.2.18 [8] The equiprime radical  e  , of an arbitrary near-ring N is 
defined as follows:     is an equiprime near-ringe        . 
 
Example 2.2.19 Let N be a constant near-ring. If I is an equiprime ideal of N, then by 
Corollary 2.2.3, c     . Thus     is the only equiprime ideal of N. Hence 
 e    . 
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Example 2.2.20 Let N be a near-ring with zero multiplication and let I be an 
equiprime ideal of N. Then for \a   and ,x y ; 0 0 0anx any n      . 
Thus anx any n    . Hence, x y   for all ,x y . Taking 0y  , gives 
x x   . This implies    . Hence  e    . 
 
In view of Proposition 2.2.11 and Example 1.3.3 (where  3   is defined), we have: 
 
Corollary 2.2.21 [8] Let N be a zero symmetric near-ring. Then  
      3 3e       . 
 
The inclusions above can be strict: In the variety of rings, it is well known that the 
prime radical class is strictly contained in the Jacobson radical class. Furthermore, we 
have the following example: 
 
Example 2.2.22 [8] Consider the near-ring in Example 2.2.7 with the additional 
requirement that the order of the group N is an odd prime number. Since N is a 3-
prime near-ring,  3 0  . However, N is not an equiprime near-ring, thus 0 is not 
an equiprime ideal of N. Hence  e    , since N is simple. Thus    3 e    . 
 
We shall now give a brief introduction to several important subclasses of the class of 
equiprime near-rings, the strongly equiprime and the completely equiprime near-
rings. 
 
Definition 2.2.23 [9] Let    . Then I is called a strongly equiprime  ideal of 
N if I is an ideal which is a strongly equiprime left ideal. To be explicit, I is called a 
strongly equiprime ideal of N if for each \a  , there exists a finite subset F of N 
such that ,x y  and afx afy f   F  implies x y  .  
 
Definition 2.2.24 [9] N is a strongly equiprime near-ring if 0 is a strongly equiprime 
ideal of N. In other words, N is strongly equiprime if for each 0 a   there exists a 
finite subset F of N, such that if ,x y  with afx afy f  F , then x y . F is 
then called an insulator for a. 
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It follows from Remark 2.1.8 and Definitions 2.2.1 and 2.2.24 that; If I is a strongly 
equiprime ideal of N then I is an equiprime ideal of N. Thus we have the following 
corollary which requires no proof. 
 
Corollary 2.2.25 [9] Let N be a strongly equiprime near-ring. Then N is an equiprime 
near-ring. 
 
We note that if N is a finite near-ring then the converse of Corollary 2.2.25 holds; that 
is, N is an equiprime near-ring implies N is a strongly equiprime near-ring. However, 
the converse to Corollary 2.2.25 does not hold true in general. We shall give an 
example to illustrate, but first we need the following: 
 
Definition 2.2.26 [10] Let X, Y be nonempty sets and let  :f f F Y . Then 
F is said to separate points if for any 1 2,x x   with 1 2x x , there exists f F  such 
that    1 2f x f x . 
 
Lemma 2.2.27 [10] Let X be an infinite set and let F be a finite set of functions of X 
into a set Y. If each element of F has finite range, then F does not separate points. 
 
Proof: Let  1 2, , , nf f f F . Since 1f  has finite range, there exists 1y Y  such that 
 1 1f x y  for infinitely many points x in X. Let   1 1 1x f x y    . Similarly 
for 2f  we obtain 2y   such that  2 2f x y  for infinitely many points x in 1 . Let 
  2 1 2 2x f x y    . In this manner we obtain a nested sequence of infinite sets 
1 2 ... n       such that  i if x y  for all ix , 1 i n  . In particular for 
each  1,2, ,i n  ,  i i nf x y x   . Hence F does not separate points.  
 
Example 2.2.28 [5] Let G be an infinite group. As shown in Example 2.2.13  0 G  
is an equiprime near-ring. We show that  0 G  is not a strongly equiprime near-
ring. Let 0 h G ,  
 if 0
0 if 0
h g
a g
g

 

 and let also    1 2 0, ,..., nf f f F G . 
 29
Then consider    1 2 0, ,..., na af af af F G . For each  1,2, ,i n  , iaf  has a 
finite range. Thus aF  does not separate points by Lemma 2.2.27. Hence there exist 
1 2 1 2,g g g G, g  such that    1 2af g af g  for all f F . Let  
  1
 if 0
0 if 0
g g
x g
g

 

 and   2
 if 0
0 if 0
g g
y g
g

 

. 
Then              1 2afx g af x g af g af g af y g afy g      for all f F  and 
all 0 g G  . Also            0 0 0 0 0afx af x af af y afy    . Thus afx afy  
for all f F , but x y . Since F is arbitrary, this shows that  0 G  is not strongly 
equiprime. 
 
Remark 2.2.29 Handelman and Lawrence [16] defined strongly prime rings as 
follows: R is a strongly prime ring if for each 0 a R , there exists a finite subset F 
of R such that 0 0a x x   F R . For rings, R is a strongly equiprime ring if and 
only if it is strongly prime (cf. [9]). To see this: Let R be a strongly equiprime ring. 
Then each 0 a R  has an insulator F, such that for any ,x yR , afx afy f  F  
implies x y . That is,   0af x y afx afy     for all f F  implies x y . Thus 
  0a x y F  implies x y . This shows that R is a strongly prime ring.  
Conversely, suppose R is a strongly prime ring. Then for each nonzero aR , there 
exists a finite subset F of R such that if ,x yR  and   0a x y F  then x y . That 
is,   0afx afy af x y     for all f F  implies x y . Thus F is an insulator for a 
and R is a strongly equiprime ring. 
 
In view of Theorem 1.3.2 we define the Hoehnke radical map associated with the 
class of strongly equiprime near-rings: 
 
Definition 2.2.30 [9] The strongly equiprime radical  se  , of a near-ring N is 
defined by:     is a strongly equiprime ideal of se        . 
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Definition 2.2.31 [3] Let    . Then I is a completely equiprime ideal of N if I 
is a completely equiprime left ideal of N such that    . In view of Lemma 2.1.10, 
if I is an ideal then  :        and hence from Definition 2.1.11, I is a completely 
equiprime ideal of N if and only if , ,a x y , a  and ax ay   implies 
x y  . 
 
Definition 2.2.32 [3] N is a completely equiprime near-ring if 0 is a completely 
equiprime ideal of N. In other words, N is completely equiprime if 0 a   and 
,x y  with ax ay  implies x y . 
 
Proposition 2.2.33 Let I be a completely equiprime ideal of N. Then I is a strongly 
equiprime ideal of N. 
 
Proof: Let I be a completely equiprime ideal of N. Then I is a completely equiprime 
left ideal of N, by Definition 2.2.31. This implies I is a strongly equiprime left ideal of 
N by Proposition 2.1.12. Hence I is a strongly equiprime ideal of N, since   .  
 
It follows from Proposition 2.2.33 and Corollary 2.2.25 that if I is a completely 
equiprime ideal of N then I is an equiprime ideal of N. We therefore have the 
following: 
 
Corollary 2.2.34 [3] Let N be a completely equiprime near-ring. Then N is an 
equiprime near-ring. 
 
Proposition 2.2.35 [6] Let    and let N be a completely equiprime near-ring. 
Then I is a completely equiprime near-ring. 
 
Proof: Let , ,a x y  be such that 0a   and ax ay . Since , ,a x y  and N is 
completely equiprime, we get x y . Hence I is a completely equiprime near-ring.  
 
Remark 2.2.36 We recall that an ideal I of a near-ring N is called a completely prime 
ideal of N if , ,a b ab   implies  or a b  . We show that all completely 
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equiprime ideals are completely prime ideals and that the two coincide in the case of 
rings. Suppose I is a completely equiprime ideal of a near-ring N. Then    is a 
completely equiprime near-ring and thus an equiprime near-ring by Corollary 2.2.34. 
Hence I is an equiprime ideal of N. Let ,a b  be such that ab  and suppose that 
a . Since I is an equiprime ideal, 0a   by Proposition 2.1.3 (a). Therefore, 
0ab a  . Thus 0b b    since I is a completely equiprime ideal. Hence I is a 
completely prime ideal of N. On the other hand, let I be a completely prime ideal of a 
ring R and let , , , ,a x y a ax ay   R . Then  a x y ax ay       x y  , 
whence I is a completely equiprime ideal of R. 
 
The Hoehnke radical map associated with the class of completely equiprime near-
rings is referred to as the generalized nil radical (cf. [6]) and defined as follows: 
 
Definition 2.2.37 [3] The generalized nil radical,  ce   of a near-ring N is defined 
by:     is a completely equiprime ideal of ce        . 
 
2.3 Equiprime N-groups 
 
Prime modules for rings were defined by Andrunakievich and Rjabuhin [2]. An ideal 
P of a ring R is prime if and only if it is the annihilator of a prime R-module. In this 
section we give a similar characterisation for equiprime ideals of a near-ring N.  
 
Definition 2.3.1. [7] Let G be an N-group. Then G is said to be an equiprime N-group 
if the following conditions are satisfied: 
(a) 0 G . 
(b) a ,  0 :a  G  and ,g gG  with ang ang  for all n  implies 
g g . 
(c) 0 0 G G . 
 
We note that if N is zero-symmetric then (c) is redundant. 
 
 32
Proposition 2.3.2 [7] Let   and    such that    . Then the following are 
equivalent: 
(a) I is an equiprime ideal of N. 
(b) There exists an equiprime N-group G such that  0 :   G . 
 
Proof: (a) implies (b): Let I be an equiprime ideal of N, where     and let 
  G . Then G is an N-group with the natural operations and we have: 
      0 :  :x xn x n n xn n x                   G . 
Since I is an equiprime ideal of N, we have  :      by Proposition 2.1.6. We 
show that G is an equiprime N-group. If 0 G  then  0 :   G  by definition of 
 0 : G . This implies    , since    0 : :     G  as shown above, which 
contradicts our choice of I. Hence NG is nonzero. Now suppose that a , 
 0 :a   G  and  ,x y  such that g x y g        . Then x y  . Since I 
is an equiprime ideal of N, there exists n  such that anx any  , whence 
   ang an x an y ang       . Furthermore, since I is an equiprime ideal of N, 
    by Corollary 2.2.3. Hence for all  n ,  0 0 0 0n n n        G G . 
That is 0 0 G G  and (b) holds.  
(b) implies (a): Let G be an equiprime N-group. We will show that  0 :   G  is an 
equiprime ideal of N. Let , ,a x y  such that  and a x y   . Then there exists 
gG  such that   0x y g   by definition of  0 : G . Thus xg yg  and since G is 
an equiprime N-group, there exists n  such that    an xg an yg . That is 
  0anx any g  , which means  0 :anx any    G . Hence I is an equiprime 
ideal of N.  
 
Since by definition an N-group G is faithful if and only if  0 : 0 G , Proposition 
2.3.2 leads immediately to the following result: 
 
Corollary 2.3.3 [7] Let N be a nonzero near-ring. Then N is equiprime if and only if 
there exists a faithful equiprime N-group. 
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We now collect some results which will be required later. 
 
Lemma 2.3.4 [7] Let G be an equiprime N-group and let H be a nonzero N-subgroup 
of G. Then the following hold: 
(a)    0 : 0 :  G . 
(b) H is an equiprime N-group. 
 
Proof: 
(a) The inclusion    0 : 0 :  G  is obvious. We prove the contrapositive of 
the converse inclusion. Let  \ 0 :a  G  and let 0 h  . Since G is an 
equiprime N-group, there exists n  such that   0 0a nh anh an  G G . 
Thus  0 :a    since nh . Hence    0 : 0 :  G  as required. 
(b) Since G is an equiprime N-group, 0 G . Thus  0 :   G  and by (a) we 
get  0 :    . Hence 0  . Now suppose  \ 0 :a    and ,h h  
such that anh anh  for all n . Then by (a),  \ 0 :a  G  and since G 
is an equiprime N-group we obtain h h . Finally 0 0    since 0 0  G  
and 0 0 G G . Hence H is an equiprime N-group.   
 
Proposition 2.3.5 [7] Let A be an invariant subgroup of a near-ring N. Let G be an 
equiprime A-group and let gG  be such that 0g  . Then Ag is an equiprime N-
group. Furthermore,    0 : 0 :   G g . 
 
Proof: We first define the multiplication which makes Ag an N-group. Let n , 
a  and gG  such that 0g  . Then we define    n ag na g . To show that 
this multiplication is well defined, suppose    1 2na g na g  for some 1 2,a a   
with 1 2a g a g . Let  \ 0 :a  G . Since G is an equiprime A-group, there exists 
x  such that    1 2a x na g a x na g  . That is    1 2a xn a g a xn a g  . This implies 
that 1 2a g a g  (since xn , A being invariant in N), contradicting our choice of 1a  
and 2a . Hence the multiplication is well defined and clearly makes Ag an N-group. 
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Since Ag is an A-subgroup of G, it is an equiprime A-group, by Lemma 2.3.4. Hence 
   0 g g      . Let 1 2,a a   be such that 1 2a g a g  and let x  such that 
 0 :x g   . Then there exists a  such that 0xag  , so  \ 0 :xa  G . Since 
G is an equiprime A-group, there exists a  such that        1 2xa a a g xa a a g  . 
Thus we have      1 2x aa a g x aa a g  , with aa . Moreover, for n  and 
a ,    0 0 0 0n n a na  G G G G , since na  (A being invariant in N) and G is 
an equiprime A-group. Hence Ag is an equiprime N-group. Finally, by Lemma 2.3.4 
(a),    0 : 0 : g  G . Hence    0 : 0 : g   G .  
 
Proposition 2.3.6 [7] Let G be an equiprime N-group and let A be an invariant 
subgroup of N such that  0 :   G . Then G is an equiprime A-group. 
 
Proof: Since  0 :   G , 0 G . Let , ,g g g g  G  and  \ 0 :a  G . Since 
   0 : 0 :  G G ,  0 :a  G . Thus, as G is an equiprime N-group, there exists 
n  such that ang ang . Again, using the fact that G is an equiprime N-group, 
there exists n  such that    an ang an ang   . Thus    a n an g a n an g    
with n an  , since A is invariant in N. Also 0 0 0   G G G . Hence, G is an 
equiprime A-group.  
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Chapter 3 
Examples of equiprime near-rings 
 
In this chapter we look at some well known examples of near-rings and determine 
when they are equiprime. 
 
3.1 Near-fields and planar near-rings 
 
Definition 3.1.1 [27] Let  , ,    be a near-ring. Then  , ,    is a near-field if 
  \ 0 ,   is a group. 
 
Proposition 3.1.2 Let N be a near-field. Then N is completely equiprime. 
 
Proof: Let 0 a   and ,x y  such that ax ay . Since   \ 0 ,   is a group 
there exists 1a   such that 1 1a a  , where 1 is the unity element of N. We then 
have,        1 1 1 11 1x x a a x a ax a ay a a y y y          . Hence N is completely 
equiprime.  
 
Remark 3.1.3 In view of Proposition 3.1.2, we remark that a near-field N is also 
strongly equiprime (by Proposition 2.2.33) and equiprime (by Corollary 2.2.34). 
 
Definition 3.1.4 [27] Let  . We define an equivalence relation on N by: 
,a b , a b  if and only if na nb n    and call a and b equivalent multipliers. 
Then N is called a planar near-ring if N has at least 3 elements no two of which are 
equivalent multipliers and for arbitrary , ,a b c  with a b , the equation 
xa xb c   has a unique solution in N. 
 
As an immediate consequence of Definition 3.1.4, we have: 
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Remark 3.1.5 [27] Let N be a planar near-ring. Then 0 . To see this, let a  
be such that 0a  . Then the equation 0 0 0xa x x    has a unique solution; clearly 
0 and n0 ( n ) are solutions. Hence 0 0n n   . 
 
Lemma 3.1.6 Let N be an equiprime planar near-ring. Then for any , ,a x y  and 
0a  ; xa ya  implies x y . 
 
Proof: We note that a b  means na nb n    which implies for any 0 c  , 
cna cnb n   . Since N is equiprime, we get a b . Thus if a b , then a b . 
Now let 0 a  . Then 0a   and by the fact that N is planar, it follows that for any 
y  the equation 0xa x ya   has a unique solution x in N. Since 0  by 
Remark 3.1.5, 0 0x   and we have that the equation xa ya  has a unique solution x 
in N. Clearly y is a solution. Hence x y .  
 
Proposition 3.1.7 [29] Let N be an equiprime planar near-ring. Then N is a near-
field. 
 
Proof: From the proof of Lemma 3.1.6 we have for an equiprime planar near-ring, 
a b a b   . So let 0 a  . Then 0a   and the equation 0xa x a   has a 
unique solution in N. Let that solution be 1. Since N is planar and hence zero-
symmetric, 0 0x   and we get 1a a . Thus for an arbitrary element n , we have 
   1 1n a n a na  . This implies 1n n  by Lemma 3.1.6. We see that 1 is a right 
unity of N, hence a unity by Proposition 2.2.17. Now the equation 0 1xa x   has a 
unique solution, say 1x a  . Then, 1 1a a   and 1a  has a as a right inverse. Now 
1 0a   since otherwise we get    11 0 0a a a a a a a    , a contradiction. Thus 
1 0 1 1ya y     has a unique solution. That is 1a  has a left inverse y. Since 1a  has 
both a left inverse y and a right inverse a , it has an inverse a y , as shown by: 
   1 11 1a a ya a y a a y y      . 
Hence 1a  is the inverse of a and every nonzero element of N has a multiplicative 
inverse and the required result follows.  
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Proposition 3.1.8 [29] Let 0   . Then N is a near-field if and only if N is 
equiprime and x    for all 0 x  . 
 
Proof: Suppose N is a near-field. Then by Remark 3.1.3, N is equiprime. Moreover, 
N has unity 1 and for any 0 x   there exists 1x   such that 1 1 1xx x x   . Let 
n . Then    1 11n n n x x nx x x     . Hence x    for all 0 x  . 
Conversely, 0 x x     implies that there exists 1  such that 1x x . Assume 
that for some n , 1n n . Then 1 0n n   and  1n n    . Since also x   , 
we obtain,    1 1n n x n x nx       . From 1x x  we get 1n x n x  which is 
equivalent to 1 0n x nx  . Thus 0   ; and since N is equiprime this yields 0   
which is a contradiction. Therefore 1n n n    and 1 is a right unity of N, hence a 
unity by Proposition 2.2.17.  
Furthermore, for each 0 x  , 1 x    implies that there exists a  such that 
1 ax . So a has a right inverse x. We note that 0a   since otherwise we would have 
the absurdity  0 1 0 0x x x ax x     . Thus a    and 1 a  implies 1 ya  
for some y . That is a has a left inverse y. Since a has both a left inverse y and a 
right inverse x, it has an inverse x y  (as shown in the proof of Proposition 3.1.7). 
Thus each nonzero x  has an inverse and N is a near-field.  
 
Clearly every near-field is N-simple. We observe that any N-simple zero-symmetric 
near-ring N satisfies the condition: for each 0 x  ; x    or 0x  , since each 
Nx is clearly a left invariant subgroup. The case 0x   is ruled out if N is equiprime. 
Hence we obtain the following corollary to Proposition 3.1.8. 
 
Corollary 3.1.9 [29] Let 0   . Then N is a near-field if and only if N is N-
simple and equiprime.  
 
In view of Corollary 2.2.15, we also have the following: 
 
Corollary 3.1.10 [27] Let 00   . Then N is a near-field if and only if N has a 
unity element and is N-simple. 
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We now consider near-fields and planar near-rings N under the additional restriction 
that N is finite. First we define: 
 
Definition 3.1.11 [27] A near-ring N is said to have the insertion of factors property 
(IFP) if ,a b  with 0ab   implies 0anb n   . 
 
Lemma 3.1.12 [29] Let N be a 3-prime near-ring with the IFP. Then N has no 
nonzero zero divisors (that is, N is integral). 
 
Proof: Let ,a b  such that 0ab  . Then 0anb n   , since N has the IFP. 
That is 0a b  . Since N is 3-prime, we get 0a   or 0b  . Hence N is integral.  
 
Proposition 3.1.13 [29] Let N be a nonzero finite near-ring. Then N is a near-field if 
and only if N is equiprime and has the IFP. 
 
Proof: Let N be a near-field. Then N is equiprime by Remark 3.1.3.We show that N 
has the IFP. Let ,a b  such that 0ab  . Then 0a   or 0b   holds, since all near-
fields are integral. Thus  0 0anb nb   or   0 0anb an   since 0  (N being 
equiprime), in either case 0anb   for all n . 
Conversely, suppose N is an equiprime IFP near-ring with k elements ( k ), say 
 1 2, ,..., kn n n  . Since N is equiprime (hence 3-prime) and has the IFP, N is 
integral by Lemma 3.1.12. Thus for each 0 x   and for all  , 1, 2,...,i j k , 
 0 0i j i j i jn x n x n x n x n n x        if and only if 0i j i jn n n n    . Hence 
 1 2, ,..., kx n x n x n x   is a subset of N which contains as many elements as N and so 
coincides with N. By Proposition 3.1.8, N is a near-field.  
 
In the case that 0 , we have the following result from Pilz [27]: 
 
Proposition 3.1.14 [27] Let N be a zero-symmetric near-ring with no nonzero 
nilpotent elements. Then N has the IFP. 
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Proof: Let ,x y  such that 0xy  . Then      0 0yx yx y xy x y x   , so 0yx   
since N has no nonzero nilpotent elements. Thus    2 0 0xny xn yx ny xn ny    for 
each n . Hence 0xny   for all n .  
 
From Propositions 3.1.13 and 3.1.14 we obtain: 
 
Corollary 3.1.15 [29] Let N be a nonzero finite near-ring. Then N is a near-field if 
and only if N is equiprime and has no nonzero nilpotent elements. 
 
3.2 Malone trivial near-rings 
 
Definition 3.2.1 [21] Let G be an additive group with 2G  and let  \ 0 G .Let 
N be the near-ring on G with multiplication given by 
 if 
0 if b
a b
ab

 

 
for all ,a bG . Then N is called a Malone trivial near-ring. 
 
It is clear from the definition that all Malone trivial near-rings are zero-symmetric. 
 
Proposition 3.2.2 [29] Let N be a Malone trivial near-ring on a group  ,G . Then  
(a) N is 3-prime if and only if  \ 0 G . 
(b) N is equiprime if and only if  \ 0 G  and 2G  
 
Proof: 
(a) Suppose N is 3-prime and let 0 g G . Assume that g . Then 0ng   for 
all n . Thus   0 0gng g ng g n      since 0 . That is 0g g   
with 0g  . This is a contradiction as N is 3-prime. Hence g  and 
 \ 0 G  follows.  
Conversely, suppose  \ 0 G  and let x, y be nonzero elements of G. Then 
 xxy x xy xx x   . Hence 0x y   and N is 3-prime. 
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(b) Let N be an equiprime near-ring. Since all equiprime near-rings are 3-prime, 
we have by (a) that  \ 0 G . We show that 2G . Let x, y be nonzero 
elements of N. Then for any 0 n  ,  xnx xn x xx x    whilst 
 0 0 0 0x x x x x    similarly we get 0xny x n     and 0 0x y  . 
Thus xnx xny n   . Since N is equiprime, x y . Hence 2G . 
For the converse, since 2G  we let  0,1G . We note that G is a simple 
abelian group. Thus N is N-simple and since 0 1 0, 1 0 0, 1 1 1      ; we see 
that 0  and 1 is the unity of N. Hence by Corollary 2.2.15, N is 
equiprime.  
 
Definition 3.2.3 [29] Let  . Then N is called a right self distributive (left self 
distributive) near-ring if xyz xzyz  (respectively xyz xyxz ) for all , ,x y z . 
 
Proposition 3.2.4 [29] Let N ( 0  ) be a zero-symmetric right self distributive 
near-ring which is 3-prime. Then N is a Malone trivial near-ring. 
 
Proof: Let ,a b  with 0ab  . Since N is zero-symmetric, 0b  . For all n , 
  0ab a nb abnb anb anb anb      . Since N is 3-prime and 0b  , we must 
have 0ab a  . That is, ab a . This shows that N is a Malone trivial near-ring with 
 \ 0 G .  
 
Corollary 3.2.5 [29] Let N be an equiprime right self distributive near-ring with more 
than one element. Then N is the two element field. 
 
Proof: Let N be an equiprime right self distributive near-ring. Then N is also zero-
symmetric since it is equiprime. Thus, by Proposition 3.2.4, N is a Malone trivial 
near-ring. By Proposition 3.2.2, N has only two elements. Furthermore, as seen in the 
proof of Proposition 3.2.2, N is N-simple with unity and 0 , whence by 
Proposition 3.1.10, N is a near-field. It is also clear that N is a commutative near-ring, 
this implies N is distributive. Hence N is the field with two elements.  
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The next result shows that Corollary 3.2.5 remains true if we replace right self 
distributive by left self distributive. 
 
Proposition 3.2.6 [29] Let N be an equiprime left self distributive near-ring with 
more than one element. Then N is the two element field. 
 
Proof: For any ,a b  and 0a  , we have for all n , anb anab  since N is left 
self distributive. Then b ab  since N is equiprime. Thus let 0 a   and assume 
that there exists  \ 0,c a . Then  0 a c    and by the equation obtained 
above we get  c a c c  , c ac  and c cc . Thus   0c a c c ac cc c c       , 
which is a contradiction. Hence N has only two elements, say  0,1  . The 
underlying group on N is clearly abelian since the cardinality of N is a prime. Further 
the equation ab b  for ,a b  and 0a   yields 1 0 0 and 1 1 1     , so 1 is the 
unity of N. Thus N is a near-field. Moreover, we see that N is commutative and 
therefore distributive. Hence N is the two element field.  
 
3.3 Ferrero near-rings 
 
Definition 3.3.1 [29] Let  0G  be an additive group and let  1   be a group of 
automorphisms on G which is fixed point free. Let  i i   G  be any non-
empty subset of the set of all nonzero orbits of A on G, say i it   , it G  for each 
i . Let    G,+,  be the near-ring defined on G by 0u v   if 
 iv i   . If  iv i   , say j jv t    with  v jv t  where v  is 
the uniquely determined member of A with this property, let  vuv u . Then N is 
called a Ferrero near-ring. 
 
We clarify a few points of Definition 3.3.1. By A is a fixed point free group of 
automorphisms, we mean that for any 1 a  ,  a g g  for all 0 g G , where 1 
is the identity map on G. For each xG , the subset x  of G defined by; 
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   for some x g g x x       G , 
is called an orbit of A on G. These orbits form a partition of G as can easily be shown. 
Furthermore, if 0 x G  and xg , then  g x  for some    and such   is 
unique. This is so because, if also  x g   then      1 11x x x x       . By 
the fact that A is a fixed point free group, we get 1 1    which implies   . 
 
Proposition 3.3.2 [29] Let N be a Ferrero near-ring. Then N is equiprime if and only 
if   00 t G  for some 00 t G . 
 
Proof: Let N be an equiprime Ferrero near-ring and let u   u  be any orbit 
which is not in G . Let 0 a   and let x u . Then for all n , 
  0 0anx an x an   . Since N is equiprime, 0x  . Hence 0u  . Thus the only 
orbit which is not in G  is the zero orbit. Since the orbits partition N, it only remains 
to show that the cardinality of G , 1 G . Let  ,i jt t   G  and ix t  say 
 x ix t . Let also  x jy t . Then for any 0 a  , we have for all n , 
   xanx an an y any    by definition of the multiplication on N. Hence x y  
since N is equiprime and    x i x jt x y t    . Thus i jt t  and i jt t    follows. 
Conversely, suppose   00 t G  for some 00 t G . Then for any ,u v ,  
     00 if 0if 0 and v vvuv u v v t    . 
Let , ,a x y  with 0a   such that anx any n   . We note that if 0x   then 
0y  , since otherwise if 0x   but 0y   we would have  0yy t  for some 
y   and for all nF ,     0y an an y anx    . This means 0an n    and 
in particular  0 yay a  , which gives us the contradiction 0a  . Suppose 0x  . 
Then 0y   and it follows that  0xx t  and  0yy t  for some ,x y   . Then 
   x yan anx any an     and so  1x yan an   for all n . In particular 
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since   0xax a  , we have  1x yax ax   and thus 1 1x y    since A is fixed 
point free. Hence x y  ,    0 0x yx t t y     and N is equiprime.  
 
Corollary 3.3.3 [29] Let  ,G  be a nonzero group and let N be a Ferrero near-ring 
on G. Then the following are equivalent: 
(a) N is equiprime. 
(b) N is a near-field. 
(c)   00 t G  for some 00 t G . 
 
Proof: By Proposition 3.3.2, we get (a) implies (c).  
For (c) implies (b): Let 0 x   and let 1 be the identity map on G. Then for some 
x  ,  0xx t  and  0 1xt x x   since  0 01t t . Also,  0 0xt x t x  . Thus 
0t  is the unity of N. Furthermore, x   and A being a group implies there exists 
1
x
   such that 1 1 1x x x x   
   . Thus  
         1 1 10 0 0 0 01x x x x xt x t t t t          . 
Also, since 1x
  is an automorphism and 00 t G ,  1 0 0x t    and so we get 
            1 1 1 10 0 0 0 01x x x x x xx t x t t t t             . 
This shows that  1 0x t   is the inverse of x. Hence every nonzero element is invertible 
and N is a near-field. Finally (b) implies (a) by Remark 3.1.3.  
 
3.4 Centralizer near-rings 
 
Definition 3.4.1 [23] Let G be a nonzero additive group and let   be a semigroup of 
endomorphisms of G. Then     , f f f        G G  is called a 
centralizer near-ring. 
 
Remark 3.4.2 [23] Clearly     1 ,  G G  and     00 ,  G G . We have 
from Meldrum [23, Theorem 2.8] that every near-ring N with unity is a centralizer 
near-ring  , G  for suitable A and G. Furthermore, if A is a fixed point free group 
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of automorphisms of G then  , G  is 2-primitive on G. In particular we note that if 
A is fixed point free (  1  ), then  , G  is zero-symmetric. To see this: Let 
1   . Then for all  ,Gf   , we have          0 0 0 0f f f f     . 
Since A is fixed point free we must have  0 0f  . Moreover, as  , G  contains a 
unity element (the unity of   G ), it is thus 3-primitive and hence equiprime by 
Proposition 2.2.11.  
 
Definition 3.4.3 [23] Let A be a group of automorphisms of G. Then the stabilizer of 
gG  in A is denoted  stab g  and defined as follows: 
    stab g g g     . 
 
Note that  stab g  is a subgroup of A. 
 
Proposition 3.4.4 [29] Let  1    be a group of automorphisms of G. If  , G  is 
3-prime then A is fixed point free or  stab g  is nontrivial for all gG . 
 
Proof: Suppose A is not fixed point free and let 1    such that  h h   for 
some 0 h G . Let  \ 1    and for any gG , let   g g    . Define 
functions , :a x G G  by  
  
0 if 
 otherwise
g g
a g
g

 

 and  
 if 
0 otherwise
g g g
x g

 

. 
For any   , by definition of a  
 
   
 
0         if 
  otherwise
g g
a g
g
 


 

 and    
0        if 
 otherwise
g g
a g
g


 

. 
We note that if    g g  , then     0g g    for some 0  . Now 
1 1
0 01 1   
     , therefore since 0 1  , we have 
1 1
0 1  
    and so 
 1 10g g g     . Conversely, if g g  then  1g g  for some 1  . It 
follows that 11 1
  . For any   ,    1g g  . It follows that 
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      1 11g g g        since 1 1 1 1 11 1 11 1             . 
Therefore a a   for all    and  ,a  G . Similarly we obtain  ,x  G . 
Now for any  ,n  G ,  
 
 
 
 if 
0  otherwise
an g g g
anx g
an
 

. 
But if g g  then  3g g  for some 3   and for all  ,n  G , 
       3 3n g n g n g n g    . Hence 0anx   for all  ,n  G . Since 
 , G  is 3-prime and        0x h x h h h     , so that 0x  , 0a   must 
hold. Hence g g  for all gG . That is  stab g  is non-trivial for all gG .  
 
Corollary 3.4.5 [29] Let A be a group of automorphisms of a group  ,G . Suppose 
that for some 0g G ,    0 1stab g  . Then the following are equivalent: 
(a)  , G  is 3-prime. 
(b) A is fixed point free. 
(c)  , G  is 2-primitive. 
(d)  , G  is equiprime. 
 
Proof: (a) implies (b) by Proposition 3.4.4. By Remark 3.4.2, we obtain (b) implies 
(c) and also (c) implies (d). Finally (d) implies (a) by Proposition 2.2.5.  
 
Proposition 3.4.6 [29] Let  1    be a group of automorphisms of a group  ,G . 
Then A is fixed point free if and only if   , G  is 3-prime and  stab g  is a 
normal subgroup of A for all gG . 
 
Proof: If A is fixed point free then for all 0 g G ,  stab g  is the trivial subgroup 
 1  of A hence normal in A and for 0g  ,  stab g    is again normal in A. Also 
 , G  is 3-prime by Corollary 3.4.5. For the converse, let    be such that 
 h h   for some 0 h G . Define functions , :f d G G  by: 
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    
0 if 
 otherwise
stab g
f g
g
  

 and    
 if 
0 otherwise
g stab g
d g
  

. 
We now show that      1stab g stab g      for any    and gG . Let 
 x stab g . Then     x g g  . Thus  1x g g    and  1x stab g   . 
Hence     1 1 1x x stab g          and      1stab g stab g     . 
Conversely, let     1x stab g    . Then 1x y    for some  y stab g . 
This implies x y  . Thus      x g y g g     since  y g g . Hence 
  x stab g ,      1stab g stab g      and equality follows. We have for 
any   , 
  
   
 
0  if 
 otherwise
stab g
f g
g
 


 

 and   
  
 
0 if 
 otherwise
stab g
f g
g
 


 
 

. 
Since all stabilizers are normal by hypothesis and also using the calculation above, we 
have for all   ,       1stab g stab g stab g      , thus we obtain both 
 , ,f d   G . For any  ,n  G ,  
 
   
 
 if 
0  otherwise
fn g stab g
fnd g
fn
  

. 
If  stab g   then  g g   and       n g n g n g   , so   stab n g   
for all  ,n  G . Hence 0fnd   for all  ,n  G . Furthermore, 0d   since 
  0d h h  . Since  , G  is 3-prime, we must have 0f  , which means 
 stab g   for all gG . Hence 1   and A is fixed point free.  
 
As an immediate consequence of Corollary 3.4.5 and Proposition 3.4.6, we obtain the 
following result: 
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Corollary 3.4.7 [29] Let A be a non-trivial abelian group of automorphisms of G. 
Then the following are equivalent: 
(a)  , G  is 3-prime. 
(b) A is fixed point free. 
(c)  , G  is 2-primitive. 
(d)  , G  is equiprime. 
 
3.5 Near-rings of homogeneous functions 
 
Definition 3.5.1 [29] Let R be a ring with unity. We denote R R  by 2R  and we 
write the elements of 2R  as column vectors. We regard 2R  as a right R-module via  
 
u uw
w
v vw
   
   
   
. 
The near-ring  2R R  of homogenous functions on the R-module 2R  is defined as 
all those functions 2 2:f R R  such that for all , ,u v wR , 
 
u uw
f w f
v vw
    
    
    
. 
 
We mention that any 2 by 2 matrix over R, 
a b
c d
 
 
 
 induces a function on  2R R , 
denoted by 
a b
c d
 
 
 
 and defined (as matrix multiplication) by:  
a b u au bv
c d v cu dv
     
          
. 
It is clear that the 2 by 2 zero matrix over R induces the zero map of 2R  into 2R . 
 
Proposition 3.5.2 [29] Let R be a ring with unity. Then the following are equivalent: 
(a) R is a prime ring. 
(b)  2R R  is an equiprime near-ring. 
(c)  2R R  is a 3-prime near-ring. 
 48
Proof: (a) implies (b): Let  20 a R R  and  2,x yR R  such that anx any  
for all  2nR R . Since 0a  , there exist ,u vR  such that: 
0
0
u u
a
v v
     
           
. 
For ,s tR , let  
s s
x
t t
   
      
 and 
s s
y
t t
   
      
. 
Also for any rR ,  200
ur
vr
 
 
 
R R . Hence 
0 0
0 0
ur s ur s
a x a y
vr t vr t
       
      
       
. 
Thus 
u u
a rs a rs
v v
   
    
   
 and so 
u u
rs rs
v v
    
        
. That is 
u rs u rs
v rs v rs
      
         
. Hence 
u rs u rs     and v rs v rs     for all rR . In view of the fact that at least one of 
 or u v   is nonzero as well as the fact that R is a prime ring, we therefore have s s  . 
In the same manner, using 
0
0
ur
vr
 
 
 
 instead of 
0
0
ur
vr
 
 
 
 we find that t t   and so 
x y . Hence  2R R  is an equiprime near-ring. 
(b) implies (c) follows from Proposition 2.2.5. 
(c) implies (a): Let 0 a R  and xR  such that 0arx   for all rR . Then  
 20 0 and 0 0 0 0
a x   
   
   
R R . Let  2nR R and suppose 
1
0
c
n
d
   
   
   
. Then for 
every ,s tR  we have: 
0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
a x s a xs a a cxs acxs
n n n xs
t dxs
                     
                        
                     
  
using the fact that 0arx   for all rR  to get   0 0acx s s  . Since  2R R  is 3-
prime, we get: 
0
0 0
x 
 
 
 is the zero mapping in  2R R  which is induced by the 2 by 
2 zero matrix over R. Hence 0x   and R is a prime ring.   
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3.6 Near-rings of continuous functions 
 
In this section we will generalize some results of Booth and Hall [10] as well as some 
results of Veldsman [29]. 
 
Definition 3.6.1 [17] A topological group is a triple  , ,G  where  ,G  is a 
group,  G,  is a topological space, G G  has the product topology induced by   
and the following mappings;   :G G G , 1 :i G G  defined by   g h  g,h , 
 1i g  g  respectively; are continuous. 
 
Definition 3.6.2 [10] Let G be an additive topological group. Then the subnear-ring 
of   G  which consists of continuous self-maps of G is denoted   G , that is: 
     is continuousf f  G G . 
The zero-symmetric part of   G  is denoted  0 G , and so: 
    0 0  is continuousf f  G G . 
 
For a topological group G, we note that if the topology on G is discrete then every 
function :f G G  is continuous. Hence     G G  and    0 0 G G  in 
this case.  
 
Definition 3.6.3 [23] Let G be a group and let k be a cardinal. Let   be an indexing 
set such that k  , then k

G G  is the direct product of k copies of G where 
G G  for all   . If  f  G  then f induces a mapping on kG  denoted by fˆ  
and defined by: 
     fˆ g f g     for all   kg g   G . 
Let H be a subgroup of kG . Then we define the near-ring  G, ,k   by 
      ˆG, ,k f f      G . 
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In Meldrum [23] the Wielandt near-ring  G, ,k   and its zero-symmetric part 
 0 G, ,k   are defined respectively by: 
      ˆG, ,k f f      G  and       0 0 ˆG, ,k f f      G , 
where G, H, k and fˆ  are as defined in Definition 3.6.3. In view of Definitions 3.6.2 
and 3.6.3, it is clear that       0 0 ˆG, ,k f f      G  is a subnear-ring 
(with unity) of  0 G . Once again, if the topology on G is discrete then 
   0 0, ,k   G G,k, . Also if 0   or k G  then    0 0, ,k   G G . 
 
We will make use of the following well known result (cf. Higgins [17, Theorem 1]), 
which we state without proof. 
 
Lemma 3.6.4 [17] Let G be a topological group and let H be the component of G 
containing 0. Then H is a closed, connected, normal subgroup of G and the 
components of G are just the cosets of H in G. Moreover, every open subgroup of G 
contains H. 
 
We now recall the definition of a 0-semiprime near-ring. 
 
Definition 3.6.5 [15] Let  . N is a 0-semiprime near-ring if for all   , 
2 0   implies 0  . 
 
It is immediately obvious from Definition 3.6.5 that a 0-prime near-ring is 0-
semiprime. Thus from Remark 2.2.6, we have for 0 ; 
Equiprime   3-prime  2-prime   1-prime   0-prime  0-semiprime. 
As shown in Example 2.2.13,  0 G  is equiprime for any group G. However, it was 
shown in [10] that this result is not generally true for  0 G , where G is a 
topological group. In fact it was shown there that  0 G  need not even be 0-
semiprime. We generalize this result in what follows. First we mention several points 
in passing to refresh the reader’s mind: 
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From Hussain [19]: A topological space X is said to be connected if there exist no 
nonempty disjoint open sets P and Q such that   Q . A subset of X is connected 
if it is a connected topological space in the relative/subspace topology. The maximal 
(or largest) connected subset of X containing a point of X is called a component of 
that point. From Munkres [26, Theorem 1.4, page 149] if A is a connected subset of X 
then so is the closure of A (denoted  cl  ); 
   B is a closed subset of X and cl      . 
Hence, it follows easily that every component is closed [19]. Note that the closure of 
A is equivalently defined as follows: 
    is a limit point of Acl x x   . 
 
Proposition 3.6.6 Let G be a disconnected topological group, with open components 
which contain more than one element. Let k be a positive integer, H an open subgroup 
of kG . Then  0 G, ,k   is not 0-semiprime. 
 
Proof: Let C be the component of zero in kG  and let B be the component of 0 in G. 
Then C is a normal subgroup of kG  and  C  by Lemma 3.6.4. Moreover, k  is 
connected since B is connected (cf. Munkres [26, Theorem 1.6, page 150]). Also k  
contains the 0 of kG , so k C . By assumption B is open, hence k  is open (since k 
is finite, k  is a basis element of the product topology on kG ). Since B is a subgroup 
k  is a subgroup as well, whence k C  by Lemma 3.6.4 and we have k C . 
Let     0 ˆ kx x   G G C . Then for any x , gG ,  , , , kg g g g   G  
and         ˆ , , , kx g x g x g x g     C . This implies  x g   for all gG ,  
and so     0x y y   G G . Conversely, if     0x y y   G G  then 
 x g   for all gG , whence         1 2ˆ , , , kkx g x g x g x g    C  for all 
 1 2, , , kkg g g g   G  and so x . Hence     0x x    G G . We will 
show that  0  G . Clearly 0 , so    . Let ,a b . Then for all gG , 
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      a b g a g b g    , since both    ,a g b g   and B is a group. Hence 
a b   and I is a subgroup of  0 G . Furthermore, since B is normal in G, we 
have for all  0n G , a  and g G ,         n a n n a n     g g g g . 
Thus n a n    and I is a normal subgroup of  0 G . Moreover, for all a  and 
 0n G ;        an a n a   G G G  shows that I is right invariant and 
hence a right ideal of  0 G . To show that I is also a left ideal: 
Let  0,m n G , a  and gG . Since  a g  , we obtain the following: 
        a n g a g n g n g       . 
In other words,   a n g  and  n g  are contained in the same component of G. By 
the continuity of m ,   m a n g  and  mn g  are contained in the same component 
(that is, same coset of B in G since components of G are just cosets of B in G by 
Lemma 3.6.4). Hence     m a n g mn g    and so  m a n mn   . Thus 
 0  G . Since  C , we have  0 , ,k   G . Hence  0 , ,k   G , since 
 0 , ,k G  is a subnear-ring of  0 G . 
Let       00 , ,, , 0 0 : kn k nx x          GJ G . Since  0 0, ,k  G , I is 
left invariant in  0 G, ,k   and also 0 is a (left) ideal of  0 G, ,k  , hence J is an 
ideal of  0 , ,k G  by Lemma 1.2.7(c). Moreover,  0 , ,k   J G  and 
 2 0    J J , but 0  J  as we now show. Let 0 t   (B is nonzero since 
components of G are nontrivial by hypothesis) and let :a G G  be defined by  
  
0 if 
 if \
g
a g
t g

 
  G
. 
Since G is disconnected,  G  and so 0a  . By hypothesis, B is open. Since B is a 
component of G, it is closed. Hence \G  is open. Thus for any open subset U of G, 
 1 Ua  is: (i) empty, (ii) B, (iii) \G  or (iv) G, depending (respectively) on whether 
(i) U contains neither 0 nor t, (ii) 0 U  and Ut  (iii) Ut  and 0 U  or (iv) 
0, Ut . In any case  1 Ua  is open in G. Hence a is a continuous map. It is obvious 
that    0,a t  G , so a . Now let x . Then  x g    for all gG  and 
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   0a x g  . Thus 0ax   and aJ , whence 0 a J . Hence  0 , ,k G  is 
not 0-semiprime.  
 
There is no shortage of examples of topological groups which satisfy the conditions of 
Proposition 3.6.6, for instance: 
 
Example 3.6.7 [10] Let   denote the real numbers with the usual topology and let 
2  denote the residue classes modulo 2 with the discrete topology. Let 2 G    
with the product topology. Since 2  is disconnected, so is G. Since   is connected 
the only component of   is   itself. So the components of G are  0  and 
 1  each of which is clearly open and contains more than 1 element. For any 
positive integer k we can take   0 k    as an open subgroup of kG , to get 
 0 , ,k G  is not 0-semiprime. 
 
As mentioned earlier, if 0   or G then    0 0, ,k   G G . We note that under 
the conditions of Proposition 3.6.6, the trivial subgroup 0 of kG  cannot be open in 
kG , by Lemma 3.6.4. However, for any topological group G, G is an open subgroup 
of G. Thus taking k G  in Proposition 3.6.6 gives us [10, Proposition 1.1]: 
 
Corollary 3.6.8 [10] Let G be a disconnected topological group such that every 
component of G is open and contains more than one element. Then  0 G  is not 0-
semiprime. 
 
Definition 3.6.9 [10] Let X be a topological space. Then X is 0-dimensional if the 
topology on X has a base consisting of clopen sets (i.e. sets each of which is both 
open and closed). 
 
We note that any discrete topological space is 0-dimensional. We also point out that 
there is a lack of consensus in the literature with regard to separation axioms. We 
clarify our convention with regard to these. From [17]: A topological space X is said 
to be regular if for any closed subset C of X and \x C , there exist disjoint open 
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sets U, V such that C U  and xV . If for C and x as in the previous sentence, there 
exists a function  : 0,1f   (where  0,1  is the closed unit interval on the real line) 
such that   0f C  and   1f x  , then X is completely regular. X is called a 3  
space if X is 1  and regular. X is a 123  (or a Tychonoff) space if it is completely 
regular and 1 . Note that, in this scheme: 12 3 2 13      . We know that every 
topological group is regular [17, Proposition 4, page 32]. Moreover we have the 
following result (cf. Husain [19, Chapter 3, Theorem 4 and 5]): 
 
Lemma 3.6.10 [19] Let G be a 0  topological group. Then G is 123 . 
 
Proposition 3.6.11 [10] Let G be a 0-dimensional 0  topological group with more 
than one element. Then  0 G  is equiprime. 
 
Proof: Let  0, ,a x y G  such that 0a   and x y . Then there exist ,g hG  such 
that   0a g   and    x h y h . Clearly not both  x h  and  y h  can be zero, thus 
without loss of generality we assume that   0x h  . Since G is 0  and hence 2  by 
Lemma 3.6.10, there exists an open set V such that V contains  x h , but neither 
 y h  nor 0. Hence there exists a clopen set U such that U contains  x h , but neither 
 y h  nor 0 (since G is 0-dimensional). Define :n G G  by  
  
 if U
0 if \ U
g k
n k
k

 
 G
. 
It is easy to see (cf. Munkres [26, Theorem 7.2 (f), page 107]) that U being clopen 
ensures continuity of n (alternatively the proof follows the same lines as in the proof 
of Proposition 3.6.6 and so we will not repeat that argument here). Since 0 U , 
 0 0n   and so  0n G . Moreover,     0anx h a g   and    0 0any h a  . 
Hence anx any  so  0 G  is equiprime.  
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Proposition 3.6.12 Let 0G  be a 0-dimensional 0  topological group, k a positive 
integer and H an open subgroup of kG . If  
1
k
j
j
    then the following are 
equivalent: 
(a)  0 G, ,k   is 3-prime. 
(b) For each i, 1 i k  , 0i   or i G  (in which case    0 0G, , Gk    ). 
(c)  0 G, ,k   is equiprime. 
 
Proof: Since H is open in kG , then for each i,  i i    is an open subgroup of G. 
This is so because for each i the canonical projection map i  is clearly a near-ring 
homomorphism and an open map (cf. [19, page 14]). Furthermore, from [17, 
Proposition 6, page 34] every open subgroup of a topological group is closed, so i  
is closed. Hence \ iG  is open. (a) implies (b): Suppose for some  1, 2, ,i k  , 
 0 i  G . Define functions , :a b G G  by  
  
0 if 
 if \
i
i
g
a g
g g

 
  G
 and  
 if 
0 if \
i
i
g g
b g
g

 
  G
. 
Then i G  implies 0a   and 0i   implies 0b   as well as 0 i  implies 
 0 0a   and  0 0b  . Hence both a and b are nonzero elements of  0 G, ,k  . 
Also by [26, Theorem 7.2 (f), page 107] both i  and \ iG  being open guarantees 
that both a and b are continuous. Clearly  aˆ     and  bˆ    . Thus 
 0, G, ,a b k  . Moreover, 0anb   for all  0 G, ,n k  . This contradicts the 
fact that  0 G, ,k   is 3-prime. Hence we must have 0i   or i G  for each 
 1, 2, ,i k  . (b) implies (c): We observe that (b) implies    0 0G, , Gk    . 
But  0 G  is equiprime by Proposition  3.6.11, hence (c) follows. (c) implies (a) is 
obvious (see Proposition 2.2.5).  
 56
Proposition 3.6.12 generalizes [29, Proposition 10.3]. If we consider G with the 
discrete topology then every subset of kG  is open and    0 0, , , ,k k   G G . 
Thus we obtain: 
 
Corollary 3.6.13 [29] Let 0G  be a group, k a positive integer and H a subgroup of 
kG . If  
1
k
j
j
    then the following are equivalent: 
(a)  0 G, ,k   is 3-prime. 
(b) For each i, 1 i k  , 0i   or i G . 
(c)  0 G, ,k   is equiprime. 
 
Furthermore, [29, Corollary 10.2] follows as a special case to Corollary 3.6.13: 
 
Corollary 3.6.14 [29] Let G be a group. Then for 1k  , the following are equivalent: 
(a)  0 G,1,   is 3-prime. 
(b) 0 or    G  (in which case    0 0G,1, G   ). 
(c)  0 G,1,   is equiprime. 
 
Proof: Let G be a group and 1k  . Then k  G G  and 1
1
k
j
j
      and 
Corollary 3.6.13 applies.  
 
We now introduce notation we will use in the next two results. Let H be a subgroup of 
kG , where G is a topological group and k is a positive integer. Let : ki G G  be the 
i-th projection for each  1, 2, ,i k   and let  i i   . Then i  is a subgroup of 
G, 
1
k
j
j
    and  i if     for all  0 , ,f k G . 
Let   0,0, ,0, ,0, ,0  with  in the -th positioni x x x i   

 G . Then i

 is a 
normal subgroup of i , 
1
k
j
j
  

 and  i if   
 
 for all  0 , ,f k G . If 
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1
0
k
j
j
   or if 
1
k
j
j
 
 G , then    0 0G, ,k   G . We note that 
1
0
k
j
j
   is 
equivalent to 0   and also 
1
k
j
j
 
 G  is equivalent to k G . 
 
Proposition 3.6.15 [29] Let 0G  be a group, k a positive integer and H a subgroup 
of kG  such that 0 k  G . Then  0 G, ,k   is 3-prime implies that 
1
k
j
j
  G  
and 
1
k
j
j
 
 0 . 
 
Proof: Define functions , :a b G G  by  
   1
0 if 
 otherwise
k
j
j
g
a g
g


 
 


  and   1 if 
0 otherwise
k
j
j
g g
b g 

 
 


 . 
Then both a and b are in  0 G, ,k   and since by our assumption, 
1
k
j
j
  0  we 
have 0b  . Now for each  0 G, ,n k  ; 
 
 
 
 
 
1 1
 if 0 if 
0  otherwise 0  otherwise
k k
j j
j j
an g g n g
anb g
an a
 
 
      
 
 
 
, 
since  0 , ,n k G  and  
1 1
k k
j j
j j
g n g
 
      . Thus,   0anb g  . That is 
0anb  . Hence,  0 G, ,k   being 3-prime yields 0a  . Thus for any gG  we 
have   0a g   which by definition of a means that 
1
k
j
j
g

  . Hence 
1
k
j
j
  G . 
Let 0
1
k
j
j
g

 
  and define the function :c G G  by 
   1
0
0 if 
 otherwise
k
j
j
g
c g
g


 
 


 . 
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Then  0 G, ,c k   and 0cnc   for all  0 G, ,n k  . Since  0 G, ,k   is 3-
prime we get 0c  . But by our assumption, 
1
k
j
j
 
 G . This implies that there exists 
1
1
\
k
j
j
g

 
G . Thus  1 00 c g g  . Hence 
1
0
k
j
j
 
 .  
 
Proposition 3.6.16 [29] Let U be a normal subgroup of G and let 
   1 2, , , U for all 1 ,kk i jt t t t t i j k       G . 
Then H is a subgroup of kG  and the following are equivalent: 
(a)  0 G, ,k   is 3-prime. 
(b)  U 0  or U G  (in which case    0 0G, , Gk   ). 
(c)  0 G, ,k   is equiprime. 
 
Proof: We have;  1, , kt t   if and only if  Ui jt t   for all 1 ,i j k  . That is 
 1, , kt t   if and only if  ,  i jt t  are in the same coset of U in G for all 1 ,i j k  . 
Hence  k
g
g

  
G
U . Thus H is clearly nonempty. Let    1 1, , , , ,k ks s t t   . 
Then there exist  and p q G G  such that is p U  and it q U  for all 1 i k  . 
Hence  i is t p q   U  for all 1 i k  . 
Therefore,      1 1 1 1, , , , , ,k k k ks s t t s t s t        and H is a subgroup of kG . 
(a) implies (b): We observe that 
1
k
i
i
x

 
  if and only if for every  1,2, ,i k  , the 
element  0,0, ,0, ,0 ,0x   with x in the i-th position is in H; which occurs if and 
only if 0 Ux x   . So 
1
U
k
i
i
 
 . Assume U G , so 
1
k
i
i
 
 G (equivalently 
k G ). In this case, as seen in the proof of Proposition 3.6.15,  0 G, ,k   is 3-
prime implies 
1
0
k
i
i
 
 . That is U 0 . 
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(b) implies (c): Suppose that  U 0 . Then   , , ,g g g g   G . Moreover, for 
 0 Ga  and gG  we have       ˆ , , , ,a g g a g a g   , which implies 
 0 G, ,a k  . Hence    0 0G, , Gk    in this case. On the other hand, if 
U G  then k G  and it follows easily that    0 0G, , Gk    in this case as 
well. Thus if (b) holds then    0 0G, , Gk   , which is equiprime by Example 
2.2.13. 
(c) implies (a) follows from Proposition 2.2.5.  
 
Definition 3.6.17 [10] Let X and G be a topological space and a topological group 
respectively, and let : G  be a continuous map. Then the sandwich near-ring, 
 0 , , G  is defined by 
    0 , , :  is continuous and 0 0f f f     G G ; 
where addition is pointwise (as in   G ) and multiplication is defined by 
f h f h  . If the topologies on X and G are discrete then we denote the sandwich 
near-ring by  0 , , G . 
 
Proposition 3.6.18 [10] Let X be a 0-dimensional 0  topological space and let G be 
a 0  topological group, each of which has more than one element. Then  0 , , G  
is equiprime if and only if   is injective and   cl   G . 
 
Proof: Suppose that   is injective and that   cl   G . Let  0, , , ,a b c  G  
with 0a   and b c . Let ,x y  be such that   0a x  ,    b y c y . We assume 
without loss of generality that  x  G : For if  x  G , it is a limit point of   G  
since   cl   G . By continuity of a, there exists an open set U of X such that 
xU ,   0a t   for all tU . Then   U G . So x can be replaced with any 
point  s  U G . Let gG  be such that  g x  . Since    b y c y , either 
  0b y   or   0c y  . Assume   0b y  . Since   is injective,     0b y  . 
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Since X is 0  and 0-dimensional, it is 1 . Hence there exists a clopen subset V of X 
such that  b y V ,  0 V  and  c y V . Define :n G  by  
  
 if 
0 if \
g t
n t
t

 

V
V
. 
Then  0 0n   and             0a n b y a n b y a n b y a g a x            and 
     0 0a n c y a n c y a       . Hence a n b a n c      and  0 , , G  is 
equiprime.  
Conversely, suppose that  0 , , G  is equiprime. Let ,g gG  be such that 
   g g   . Let U be a clopen, proper subset of X such that  0 U . Define 
, :a b G  by  
  
0 if 
 otherwise
x
a x
g

 

U
 and  
0 if 
 otherwise
x
b x
g

  
U
. 
Then  0, , ,a b  G  and for all  0 , ,n  G  we have 
 
 
 
0  if 
 otherwise
a n x
a n a x
a n g
 
 
   

U
 and  
 
 
0  if  x
 otherwise
a n
a n b x
a n g
 
 
   

U
. 
Hence a n a a n b      for all  0 , ,n  G , since    g g   . Moreover, since 
 0 , , G  is equiprime, we get a b  and so g g . This shows that   is 
injective.  
Suppose that   cl   G . Then there exists x  such that x is not a limit point 
of   G . Since X is 0-dimensional, there exists a clopen subset V of X such that 
xV  and   V G . Let 0 h G  and define :c G  by  
  
 if 
0 otherwise
h x
c x

 

V
. 
Then  0 , ,c  G  and 0 0c n c c n       for all  0 , ,n  G . Since 0c  , 
this implies that  0 , , G  is not equiprime, which contradicts our assumption. 
Hence   cl   G .  
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We note that Proposition 3.6.18 generalizes [29, Proposition 9.1]. If we take the 
topologies on G and X to be discrete, then the condition   cl   G  becomes 
   G , that is   is surjective. Thus we obtain: 
 
Corollary 3.6.19 [29]  0 , , G  is an equiprime near-ring if and only if   is a 
bijection (in which case    0 0, ,   G G ). 
 
3.7 Matrix near-rings 
 
Definition 3.7.1 [24] Let N be a near-ring with unity 1 and let k be a positive integer. 
We denote the sum of k copies of  ,   by k , write an element n  of k  as a 
column vector and denote the transpose of n  as  1 2, , ,t kn n n n  . The i-th 
component of n  will be denoted by  in . Let  k   be the near-ring of all 
mappings from k  into k . For x  and  , 1, 2, ,i j k  , we define functions 
:x k kijf    by  
     1 2, , , 0,0, ,0, ,0, ,0
ttx x
ij ij k jf n f n n n xn       , 
so that  xij jif n xn     and   0
x
ij q
f n     for  , 1,2, ,q i q k   . 
The matrix near-ring  k   is the subnear-ring of  k   generated by the set 
 1 , ,xijf i j k x   .  
 
The elements of  k   are called matrices. Every matrix A in  k   can be 
represented by an algebraically meaningful expression involving , , ( ), xijf   (where 
1 ,i j k   and x ). This representation is not necessarily unique. The smallest 
number of xijf ’s in such a representation is called the rank of A (and will be denoted 
by rank A in the sequel). For typographical reasons, xijf  will sometimes be denoted 
 , ,x i j . Let : kj     be the canonical projection onto the j-th coordinate. If 
   , we define   by: 
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   ,1kk iA An n i k         . 
 
We note that if    then  k   (cf. [24]). We will denote the unity of k  
by 1  and the unity of N by 1. If kn  and a , then we define the product: 
   1 2 1 2, , , , , ,
t t
k kan a n n n an an an   . 
If  1, ,t kn n n   and  1, ,t km m m   we define n m  by    1 1, ,
t
k kn m n m n m   . 
 
We will obtain a relationship between equiprime ideals of N and those of  k  . 
First, we will need the following lemma: 
 
Lemma 3.7.2 [4] Let  kA  , x , and kn , where N is a zero-symmetric 
near-ring with unity and k is a positive integer. Then 
      1 1An x A n x   . 
 
Proof: We prove by induction on the rank of A. if rank A = 1, then aijA f  for some 
a  and 1 ,i j k  . Thus, we have 
     
    1 2
1 0,0, ,0, ,0, ,0 1, 1, , 1
0,0, ,0, 1,0, ,0 , 
1 1, 1, , , 1
0,0, , 1,0, ,0
t t
j
t
j
ta
ij k
t
j
An x an x x x
an x
A n x f n x n x n x
an x
    
   
 
   
  
 
 
 
 
and so       1 1An x A n x   . Suppose that       1 1An x A n x    whenever 
rank A s  and let rank A m s  . Then there exist  1 kA    and  2 kA    
such that 1 2rank A s   and either 1 2A A A  or 1 2A A A  . In the first case, we 
have: 
         
     
   
  
1 2
1 2
1 2
1 1
1
1
1 .
An x A A n x
A A n x
A A n x
A n x
  
 
 
 
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In the second case, we have: 
        
   
       
     
    
  
1 2
1 2
1 2
1 2
1 2
1 1
1
1 1
1 1
1
1 .
An x A A n x
A n A n x
A n x A n x
A n x A n x
A A n x
A n x
   
  
   
   
  
 
 
Thus the result holds by induction.  
 
Proposition 3.7.3 [4] Let I be an equiprime ideal of N, where N is a zero-symmetric 
near-ring with unity and let k be a positive integer. Then   is an equiprime ideal of 
 k  . 
 
Proof: Let  , , kA B C   such that A   and B C   . Then there exist 
, kn m  such that kAn  and   kBm Cm B C m    . Hence,  iAn   and 
     j j jBm Cm Bm Cm     for some  , 1,2, ,i j k  . Since I is an equiprime 
ideal of N, there exists x  such that        i j i jAn x Bm An x Cm  . It follows 
that          1 1 kj jAn x Bm An x Cm    , whence by Lemma 3.7.2 we have: 
(*)        1 1 kj jA n x Bm A n x Cm    . 
Suppose that the transpose of n,  1 2, , ,t kn n n n  . Then 
      
       
       
    
1
1
1
1
1 , ,
,1,1 , ,
,1,1 , ,
,1,1 , , .
kj j j
kj j
k j
x
k ij
n x Bm n x Bm n x Bm
n x Bm n k k x Bm
n n k k x Bm
n n k k f Bm
    
  
  
  




 
Similarly,   1jn x Cm Cm   , where     1,1,1 , , xk ijn n k k f    . Hence (*) 
becomes kA Bm A Cm    , which implies A B A C     . This shows that   is 
an equiprime ideal of  k  .  
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Corollary 3.7.4 [4] Let N be an equiprime near-ring with unity. Then  k   is an 
equiprime near-ring. 
 
Proof: By definition of  , if I is the zero ideal of N then   is the zero ideal of 
 k  . Since N is an equiprime near-ring, 0 is an equiprime ideal of N. By 
Proposition 3.7.3, the zero ideal of  k   is an equiprime ideal of  k  . Hence 
 k   is an equiprime near-ring.  
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Chapter 4 
Radical theory 
 
Prior to the introduction of equiprime near-rings in 1990, the only known ideal-
hereditary Kurosh-Amitsur radicals in 0  were the Jacobson type radicals and the 
Brown-McCoy radical (or some others based on them). In this chapter we shall show 
that the concept of an equiprime near-ring leads to a Kurosh-Amitsur radical in   
which is ideal-hereditary in 0 . We will also show that several other radicals related 
to the equiprime radical yield ideal-hereditary radicals in 0 . The equiprime radical 
thus sheds more light on the general radical theory of near-rings. We discuss a special 
radical theory based on the equiprime near-rings, although such a theory has its 
drawbacks as shall be illustrated in the chapter. We also give a characterization of 
special radicals via the theory of N-groups (or modules).  
 
In this chapter we denote the class of all equiprime near-rings by  . 
 
4.1 Special radicals of near-rings 
 
In the variety of rings, special radicals are a specialization of the supernilpotent 
radicals of rings. A class of rings   is called a special radical if it is the upper radical 
determined by a special class   of rings, so that    ; where a special class of 
rings is defined in [12] as a hereditary class of prime rings which is closed under 
essential extensions. Within the literature, there are at least three non-equivalent 
definitions of a special radical of near-rings due to Anderson, Kaarli and Wiegandt 
[1], Veldsman [31] and also Booth and Groenewald [6]. We shall adopt the latter. 
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A special class is defined in [6] for zero-symmetric near-rings. We define the same in 
the variety   (our definition coincides with that in [6] for 0 ). To pave the way, 
we first prove a simple result which eliminates ambiguity and makes it clear that we 
need not consider our definition of special class separately for the variety   and 
0 . In this regard it would not be necessary to prove [6, Proposition 3.3]. 
 
Lemma 4.1.1 [6] Let   and    such that I is a zero-symmetric near-ring. 
Then I is left invariant in N if and only if N is zero-symmetric. 
 
Proof: Suppose    . Then for each n , 0n   since 0 . But 0n  is a 
constant element and I, being zero-symmetric, contains no nonzero constant elements, 
hence 0 0n   and it follows that N is zero-symmetric. The converse is obvious.  
 
In view of Lemma 4.1.1 and the fact that equiprime near-rings are zero-symmetric, 
the following definition leaves no room for ambiguity; there is no need to consider 
arbitrary left invariant extensions as a separate case since by Lemma 4.1.1, these are 
precisely essential extensions in 0 , in which all left invariant extensions are 
invariant (because all ideals are invariant in this case). 
 
Definition 4.1.2 [6] Let   be a subclass of  . Then   is called a special class if  
(a)   consists of equiprime near-rings. 
(b)   is hereditary. 
(c)   is closed under essential extensions in 0  . 
 
Definition 4.1.3 [6] Let   be a radical class in the variety   . Then   is called 
a special radical in   if     for some special class  . 
 
We will show that any special class   satisfies condition  1F : If      such 
that    and    then    (cf. Definition 1.3.15), by showing that   
satisfies condition  1F . To this end, we will use the following: 
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Proposition 4.1.4 [8] Let    be such that for each  and ,x y ; the 
following hold: 
(a) xn yn  for all n  implies x y . 
(b) nx ny  for all n  implies x y . 
Then   satisfies condition  1F . 
 
Proof: Let   J  such that  J   and    . We will show that J . Let 
jJ  and ,m n . Then n j n    and jn  (using: j , I is normal in N and 
   ). Since J  and    ,  n j n i ni ji ni     J  and    jn i j ni J  
for each i . That is, (as elements of / J )    n j n i jn i     J J J  for all 
i . Now / J   so we get    n j n jn     J J J  by (a). Thus n j n  J  
and jnJ ; whence r J . Assume that for some i , 
 ( ) ( )n m j i nmi n m j nm i     J . 
Then    ( )n m j i nm i   J J  for all / i J J  and by (b), there exists c  J J  
such that    ( )c n m j i c nm i   J J . That is, ( )cn mi ji cnmi  J , but this is a 
contradiction since  ,cn mi    and J , whence ( )n m j i nmi  J  for all i . 
Hence by (a), ( )n m j nm  J  and J .  
 
Corollary 4.1.5 [8] The class of all equiprime near-rings satisfies condition  1F . 
 
Proof: Let  . We will show that N satisfies (a) and (b) of Proposition 4.1.4. So, 
let ,x y  be such that xn yn  for all n . Then   0x y n xn yn    . Thus 
   0 0 0x y nx x y x y ny      . Since N is equiprime, we get x y . 
Suppose nx ny  for all n . Then    x y nx x y ny    for all n . Thus again 
since  , we get x y . Therefore N satisfies (a) and (b) of Proposition 4.1.4. It 
follows that   satisfies condition  1F .  
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Theorem 4.1.6 [6] Let   be a special class and    . Then   is a c-
hereditary radical class in the variety   of all near-rings. The semisimple class of 
 ,     , consisting of all subdirect sums of near-rings in   is 
hereditary. Moreover, for each  ,            . In particular 
  0   if and only if N is a subdirect sum of near-rings in  . Also for any 
  ,          with equality if I is left invariant in N.  
 
Proof: It is obvious that any subclass of   satisfies condition  1F  since   satisfies 
condition  1F  by Corollary 4.1.5. Thus,   satisfies condition  1F . Also   is 
hereditary and closed under essential extensions in 0  by definition. The result then 
follows by a direct application of Theorem 1.3.16 (where Theorem 1.3.16 is applied 
in conjunction with Lemma 4.1.1).  
 
In the variety 0  of all zero-symmetric near-rings every ideal is left invariant; hence 
we obtain from Theorem 4.1.6: 
 
Corollary 4.1.7 [6] Let   be a special radical class in 0  with     for some 
special class  . Then   is a hereditary radical class with a hereditary semisimple 
class,    . 
 
We now show that the class of equiprime near-rings is a special class. We only need 
to show that   is hereditary and is closed under essential extensions in 0 . To show 
that   is closed under essential extensions in 0 , we will need the following: 
 
Lemma 4.1.8 [8] Let 0  and let    where  . Then 0x   and 0x   
for all 0 x  . 
 
Proof: Assume  0 : 0  . Then  0 0 :     and so  0 : 0    since 
  . Let  0 0 :a    , then 0a   by definition of  0 :  , whence 
0a a  . Since   and is hence 3-prime, we obtain 0a  , a contradiction. 
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Therefore,  0 : 0   and 0x   for all 0 x  . Now, let 0 x   and assume 
0x  . Since 0   , we have       0 0x x x x x           . Hence 
0x  , since E is 3-prime. This contradicts the result in the first part of the proof, 
thus 0x   for all 0 x  .  
 
Proposition 4.1.9 [8] The class   is closed under essential extensions in 0 . 
 
Proof: Let 0     such that  . We shall use Proposition 2.2.10 (c) to show 
that N is equiprime. Let A be a nonzero invariant subgroup of N and let ,x y  such 
that x y . Assume that ax ay  for all a . Since 0x y  , we obtain by Lemma 
4.1.8 that there exists e  such that 0xe ye  . Now, since    and A is an 
invariant subgroup of N, we have       and      . Thus    . 
Furthermore, A is nonzero, thus by Lemma 4.1.8, 0   and so 0   . Both A 
and I are invariant subgroups of N, so    is an invariant subgroup of N. It follows 
that    is a nonzero invariant subgroup of I.  
Let b . Then        b xe bx e by e b ye   . Since I is an equiprime near-ring 
we obtain xe ye  contradictory to 0xe ye  . Hence ax ay  for some a  and 
N is an equiprime near-ring.  
 
Proposition 4.1.10 [6 and 8] The class   is a special class. Furthermore   is a c-
hereditary radical class in the variety of all near-rings. The semisimple class of  ,  
  , consisting of all subdirect sums of equiprime near-rings is hereditary. 
Moreover, for each  ,            . In particular   0   if 
and only if N is a subdirect sum of equiprime near-rings. Also for any   , 
          with equality if I is left invariant in N.  
 
Proof: It was shown in Corollary 2.2.9 that   is hereditary, by Corollary 4.1.9   is 
closed under left invariant extensions and of course   consists of equiprime near-
rings. Hence   is a special class. The rest follows from Theorem 4.1.6.  
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We see that for each  ,      e           . Thus the 
equiprime radical map e  is the associated Hoehnke radical map to the Kurosh-
Amitsur radical class  . By Proposition 1.3.7, e  is a complete and idempotent 
Hoehnke radical map. That is, e  is a Kurosh-Amitsur radical map. As mentioned in 
Chapter 1 we will not distinguish between a Kurosh-Amitsur radical class and its 
associated Kurosh-Amitsur radical map (or its associated Hoehnke radical map which 
is always complete and idempotent), thus we denote the equiprime radical class,   
by e .  
 
By a direct application of Corollary 4.1.7 we obtain: 
 
Corollary 4.1.11 [8] e  is an ideal-hereditary radical class in 0  and e   . 
 
Remark 4.1.12 In [30] it is shown that a radical class   in   which does not 
contain the two element field cannot be ideal-hereditary. By Remark 3.1.3, all near-
fields are equiprime near-rings. Thus the two element field is -semisimplee  and so 
cannot be in e . Hence in the variety  , the special radical e  is c-hereditary (by 
Theorem 4.1.6), but not hereditary. 
 
Proposition 4.1.13 [6] Let   be a radical class in   with the following property: 
   For    ;           and if also     then          . 
Then    is a special class. Also,        if   is a special radical.  
 
Proof: Let      . Then   0   and  0  since   and   
respectively, so I is left invariant. By property   ,        0 0        . 
Thus   0   and  . Also   since   is hereditary. Hence     . 
Now let    such that     and 0 . Then   0   and since I is left 
invariant (as 0 ), we obtain by   ,     0       . Since I is essential 
in N, we get   0   and so  . Also,   since   is a special class. 
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Hence     and    is closed under essential extensions in 0 . Clearly 
   consists of equiprime near-rings, whence    is a special class.  
Suppose that   is a special radical. Then    for some special class  . By 
definition of a special class we obtain,       . Therefore,  
            . 
That is,       .  
 
We now give an internal characterization of special radicals in 0 . 
 
Theorem 4.1.14 [6] Let   be a subclass of 0 . Then the following are equivalent 
(a)   is a special radical class in 0  
(b) The following conditions hold: 
(i)   is homomorphically closed. 
(ii)   is hereditary. 
(iii) If every nonzero equiprime factor ring of 0  has a nonzero ideal 
in  , then  . 
 
Proof: (a) implies (b): Suppose R is a special radical class in 0  so that   , 
where   is a special class. Then (i) and (ii) hold by Definition 1.3.6 and Corollary 
4.1.7 respectively. We prove (iii) by proving its contrapositive: Let 0 \  . Then 
N has a nonzero homomorphic image    in   and    is equiprime since   
consists of equiprime near-rings. Furthermore,      implies that    has 
no nonzero ideals in   and so (iii) holds. 
(b) implies (a): Since   is homomorphically closed and satisfies (b) (iii), it is a 
radical class by Proposition 1.3.17. We show that   satisfies ADS, that is     
for all 0   . Suppose then that 0   . Let J be the ideal of N generated 
by   . Suppose K is an equiprime ideal of  J . Then K is of the form 
     , where P is an equiprime ideal of J which contains   . Since 
  J  with   ,    by Corollary 4.1.5. Moreover, since      J  it 
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follows that  J  by definition of J. Thus       0       J J J J . 
Hence  J  has no nonzero equiprime factor rings and by (b) (iii) we have that 
   J . It follows that J , whence   J . Therefore,   J  and so 
    as required. Since   is hereditary and satisfies ADS, it is ideal-hereditary. 
Hence by Proposition 4.1.13,     is a special class. Clearly     , 
whence         . Now suppose 0 \  . By (b) (iii), N has a 
nonzero equiprime factor ring T which has no nonzero ideals in  , whence T has 
no nonzero ideals in   . It follows that       by Proposition 1.3.17. 
Hence        is a special radical.  
 
It is obvious that there is a one to one correspondence between the classes of special 
radicals in   and in 0 . In order to avoid confusion, let   denote the upper 
radical in   determined by  and let the upper radical in 0  determined by   
be denoted by 0  . Then clearly 0 0     . This suffices to show the 
correspondence mentioned above. 
 
Example 4.1.15 [6] Examples/non-examples of special classes and special radicals: 
(a) As just mentioned in Proposition 4.1.10 the class   is a special class, and 
clearly the largest special class. Consequently e  is the smallest special 
radical and is contained in every special radical in  . 
(b) 2  is not a special radical in 0 . Consider the near-ring N of Example 
2.2.22, where N is an additive group of order an odd prime number with 
multiplication given by xy x  for all 0 y   and 0 0x  . It was shown in 
Example 2.2.22 that  e    . However, N is a 2-primitive zero-symmetric 
simple near-ring (cf. [23]), whence  2 0  . Thus    2e     . 
Hence by (a) above, 2  is not a special radical. 
(c) Let 3  be the class of all zero-symmetric 3-primitive near-rings. Then 3  
consists of equiprime near-rings by Proposition 2.2.11. In view of Holcombe 
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[18, Theorem 1], 3  is hereditary and essentially closed. Hence 3  is a 
special class and the upper radical 3 , determined by 3  is special. 
(d) Let s  be the class of strongly equiprime near-rings. Then by Corollary 2.2.25 
s  consists of equiprime near-rings. From [9, Corollary 2.3 and Proposition 
2.5] s  is a hereditary class and s  is essentially closed in 0 . Hence s  is a 
special class and se  is a special radical. 
(e) Let c  be the class of all completely equiprime near-rings. By Corollary 
2.2.34 and Proposition 2.2.35, c  consists of equiprime near-rings and c  is a 
hereditary class. Let 0    and that c  . Let , ,a x y  be such that 
0a   and x y . Since I is equiprime it follows from Lemma 4.1.8 that 
0a   and   0x y   . Let 1 2,i i   such that 1 0i a   and   2 0x y i  . Then 
2 2xi yi  and 1 2 2, ,i a xi yi   since I is invariant in N. Also, since I is 
completely equiprime,      1 2 1 2i a xi i a yi  and ax ay . Hence c  and 
c  is special. 
 
We now characterize special radicals as the intersection of a certain family of left 
ideals of N. 
 
Proposition 4.1.16 [3] Let   be a special class of near-rings and let   . 
Then for  ,  
      I is an equiprime left ideal of  and :           . 
 
Proof: Let Q be the set of all equiprime left ideals I of N such that  :     . 
Let Q . Then by Proposition 2.1.6,  :     and  :      and by definition 
of Q,  :     . By Theorem 4.1.6         J J   and it 
follows that    :       . Hence       Q . 
Conversely, let    and   . Since   consists of equiprime near-
rings,   is equiprime, whence P is an equiprime ideal of N and by Proposition 
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2.1.6  :    is the largest equiprime ideal contained in P, and so coincides with P; 
 :     . Therefore,  :        and Q  follows. Thus Q contains 
the set   and       . Hence        Q  and equality follows.  
 
We obtain the next three results as an application of Proposition 4.1.16.  
 
Corollary 4.1.17 [3] Let N be a near-ring. Then  
    is an equiprime left ideal of e       . 
 
Proof: The result follows by Proposition 4.1.16; since for any equiprime left ideal I of 
N,  :     is an equiprime near-ring by Proposition 2.1.6 and also the class of 
equiprime near-rings is special by Proposition 4.1.10.  
 
Corollary 4.1.18 [3] Let N be a near-ring. Then  
    is a strongly equiprime left ideal of se       . 
 
Proof: The class of strongly equiprime near-rings is a special class by Example 4.1.15 
(d) By Proposition 2.1.9 every strongly equiprime ideal I of N satisfies  :     is 
a strongly equiprime near-ring. Applying Proposition 4.1.16 gives the required 
result.  
 
Corollary 4.1.19 [3] Let N be a near-ring. Then  
    is a completely equiprime left ideal of ce       . 
 
Proof: By Proposition 2.1.14, if I is a completely equiprime left ideal of N then 
 :     is a completely equiprime near-ring. Also, by Example 4.1.15 (e), the 
class of completely equiprime near-rings is special. Hence the result follows by 
Proposition 4.1.16.  
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As stated in Corollary 2.2.21; for 0 ,      3 3e       . Moreover, in 
view of Definitions 2.2.30 and 2.2.37, we have the following: 
 
Corollary 4.1.20 Let  . Then        3 e se ce          .  
 
Furthermore by Proposition 2.2.12, for a zero-symmetric near-ring with a minimal left 
invariant subgroup, equiprime and 3-primitive coincide. Therefore, we have the 
following: 
 
Proposition 4.1.21 [8] Let N be a near-ring with the descending chain condition on 
left invariant subgroups (DCCN). Then    3e     . 
 
Proof: We have already seen that    3e     . We prove the converse. Let I be 
an equiprime ideal of N. Then    is an equiprime near-ring. Since every 
homomorphic image of a near-ring with DCCN also has DCCN,    has DCCN. 
Thus, by Proposition 1.1.18,    has a minimal left invariant subgroup and by 
Proposition 2.2.12    is 3-primitive. That is I is a 3-primitive ideal of N. So, 
 3     for every equiprime ideal I of N, and hence is contained in the intersection 
of all of them;    3 e    .  
 
We conclude this section by acknowledging a shortcoming of our special radical 
theory based on equiprime near-rings as well as highlight some open questions. From 
Example 4.1.15 (b), 2e    (as radical classes in the variety 0 ). On the other 
hand, let  2 D D  be the near-ring of homogenous functions as defined in 
Definition 3.5.1, where D is a principal ideal domain which is not a field. Then, since 
D is obviously a prime ring, N is an equiprime near-ring by Proposition 3.5.2 and so 
  0e   . However, Fuchs, Maxson and Van der Walt [11] have shown that N is a 
0-symmetric simple near-ring with unity such that  2    . Hence 
   2 e     and we see that  e  and 2  are independent in 0 . Moreover, the 
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class 3  of zero-symmetric 3-primitive near-rings is special (see Example 4.1.15 (c)) 
while the class 2  of 2-primitive zero-symmetric near-rings is not special. However, 
(from [23, Theorem 6.4.3 and Lemma 8.1]), 2  is hereditary and essentially closed. 
Hence 2   is a special class. Thus we have, 
3 2 2       and  2 0 2 3       . 
The inclusion  2 0 2      is strict, since 2  is not a special radical in 0 . 
Whether the inclusion  0 2 3      is strict is an open question posed in [6]. 
Obviously then, it is not known whether a near-ring which is 2-primitive and 
equiprime is necessarily 3-primitive. If  0 2 3     , then  0 2    is a 
Jacobson type radical lying strictly between 2  and 3  which is special. 
 
Furthermore, in the variety of zero-symmetric near-rings: ( e  ); the radical class 
e  does not contain the upper radical class determined by the class of simple zero-
symmetric near-rings with unity (the Brown-McCoy radical class  ), since this is the 
case even in the variety of rings (cf McCoy [22]). Owing to the fact that it is not 
known if every simple near-ring with unity is equiprime, whether or not the converse 
inclusion holds remains an open question which was posed in [8]. That is, whether the 
inclusion e    holds is unknown. Therefore the special radical theory based on 
equiprime near-rings does not cater for the two radicals, 2  and   both of which are 
ideal-hereditary in 0 . Also, in the variety of rings, the ring analogues of these two 
radicals are special radicals of rings.  
 
As we have seen equiprime near-rings have many desirable properties and a lot of 
results which hold for prime rings continue to hold for equiprime near-rings. This 
indeed makes the concept of an equiprime near-ring a most rewarding and appropriate 
generalization of primeness of rings to near-rings. 
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4.2 Special classes of N-groups 
 
In this section we consider only zero-symmetric near-rings. We will characterize 
special radicals in 0  in terms of special classes of N-groups. 
 
Definition 4.2.1 [7] Suppose that for every zero-symmetric near-ring N, there exists a 
class   of N-groups. Let 
0

   . Then   is called a special class of 
near-ring modules if the following conditions are satisfied: 
M1. If G , then G is an equiprime N-group. 
M2. If G ,    and 0 g G  such that 0g  , then g   . 
M3. If G  and    is such that 0 G , then G . 
M4. If   , G  and  0 :   G , then  G  (with  x g xg    for 
all x  and gG ). Conversely, if    and  G , then G  
(where  xg x g    for all x  and gG ). 
 
Proposition 4.2.2 [7] Let N be a near-ring and let  
  is an equiprime N-group  G G . 
If 
0

   , then   is a special class of near-ring modules. 
 
Proof: It is clear that   satisfies M1. By Propositions 2.3.5 and 2.3.6, M2 and M3 
hold. M4: Let G   and    with  0 :   G . Considering G as an   -group 
with multiplication given by  x g xg    for all ,x y  and all gG , we have: If 
x y      then  0 :x y    G , so for any gG ,   0xg yg x y g    G  That 
is xg yg , whence    x g y g     . This shows that the multiplication is well 
defined and it clearly makes G into an   -group. Now since G is an equiprime N-
group, 0 G . Thus there exists n  such that   0n g ng     for some gG . 
That is   0  G . We note that    \ 0 :a      G  if and only if there exists 
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gG  such that   0ag a g    G .That is,    \ 0 :a      G  if and only if 
 \ 0 :a  G . 
Let    \ 0 :a      G  and ,g gG  with g g . Then (as shown above) 
 0 :a  G  and since G is an equiprime N-group, there exists n  such that 
ang ang . Thus      a n g a n g         . Since G  , 0 0x G G  for all 
x . That is  0 0 0x x   G G G  for all x  whence  0 0  G G . Hence G is 
an equiprime   -group. 
Conversely, suppose G is an equiprime   -group where    is such that 
 0 :   G  and multiplication of elements of G by elements of N is given by 
 xg x g   . Then obviously G is an N-group. We show that G is an equiprime N-
group: Firstly, 0 G  since   0  G  (and in view of the definition of the 
multiplication of G by N). 
Let  \ 0 :a  G  and ,g gG  with g g . Then    \ 0 :a      G  (as 
earlier noted), whence by the fact that G is an equiprime   -group, there exists 
n  such that      a n g a n g         . That is ang ang . Finally, since 
G is an equiprime   -group,  0 0x   G G  for all x . So 0 0x G G  for all 
x  and 0 G G0 . Hence G  , and   satisfies M4.  
 
Proposition 4.2.3 [7] Let   be a special class of near-ring modules, and let 
 0{  There exists  with 0 : 0} {0}        G G . 
Then   is a special class of near-rings.  
 
Proof: Let  . Then there exists a faithful N-group G belonging to  . So G 
is a faithful equiprime N-group, hence N is an equiprime near-ring by Corollary 2.3.3. 
So   consists of equiprime near-rings. If now 0     . Then there exists a 
faithful N-group G , and AG is nonzero since G is a faithful N-group. By 
condition M3, G  and clearly        0 : 0 : 0 0     G G . Hence 
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 . Finally, let    with  . Then there exists a faithful equiprime E-
group G   Thus there exists gG  such that 0g  . Then g    by M2. By 
Proposition 2.3.5,    0 : 0 :   G g . That is    0 : 0 : 0    g G  since 
 0 : 0 G  as G is a faithful E-group. Since E is an essential ideal of N, it follows 
that  0 : 0 g . Thus 
  and so   is essentially closed. Hence   is a 
special class of near-rings.  
 
Lemma 4.2.4 [7] Let   be a special class of near-ring modules, and suppose 
0   . Then    if and only if  0 :   G  for some G . 
 
Proof: Let   . Then by definition of  , there exists  G  such that 
 0 : 0  G . By M4, G . Also  0 :x    G  if and only if for all gG , 
  0xg x g    G  This happens if and only if     0 : 0 :x x       G G . 
Hence,     0 : 0 :        G G , whence  0 :   G  and since it is clear that 
 0 :   G ,  0 :   G  follows. 
Conversely, suppose that  0 :   G , where G . Then we have  G , by 
M4. Furthermore,       0 : 0 : 0G             G . Hence,   .  
 
Let    be the upper radical determined by the class  . Then by Proposition 
4.2.3 and Theorem 4.1.6 we have            . This together with 
Lemma 4.2.4 gives us: 
 
Proposition 4.2.5 [7] Let   be a special class of near-ring modules and let 
  . Then  
     0 :     G G . 
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Next, we will show that every special radical has a representation of the form given in 
Proposition 4.2.5. 
 
Proposition 4.2.6 [7] Let   be a special class of near-rings and let  . Let  
   is an equiprime N-group and 0 :    G G G . 
Also let  0     . Then   is a special class of near-ring modules. 
Moreover,  . 
 
Proof: By Lemma 4.2.4 we obtain  . 
M1:   consists of equiprime N-groups, so M1 holds for  . 
M2: Suppose G ,    and gG  such that 0g  . Then by Proposition 
2.3.5, g  is an equiprime N-group and    0 : 0 :   G g . Since G , 
 0 :  G  , so          0 : 0 : 0 : 0 :g g g            G  . 
Let  0 0 :     g . Then  0 :    g , where    and  0 :   g . 
Thus, let  \ 0 :x  g . Then, there exists a  such that 0xag  G . Now let 
 \ 0 :a  G . Since G is an equiprime A-group, there exists a  such that 
  0 0a a xag a a    G G . This implies that  0 :a x g    . Since a  and x , 
a x   . Hence        0 0 : 0 : 0 :a x g g        g . Therefore, 
      0 : 0 : 0 :g g       g . Since   is essentially closed we have, 
 0 : g    , whence g    and M2 is satisfied. 
M3: Let G  and let    be such that 0 G . Then G is an equiprime A-
group by Proposition 2.3.6,. Moreover,  
           0 : 0 : 0 : 0 : 0 :g g g             G G . 
Since  0 :  G   and   is hereditary,  0 :  G  . Hence G  and M3 
holds. 
M4: Let G  and    be such that  0 :   G . Then by Lemma 4.2.4, G is an 
equiprime  -group. Furthermore, we have: 
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          0 : 0 : 0 :           G G G  . 
Hence  G . Conversely, suppose that    and that  G . Then, again by 
Lemma 4.2.4, G is an equiprime N-group. Moreover, 
          0 : 0 : 0 :           G G G  . 
Hence G  and   satisfies M4.  
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